Fluct. Noise Lett. 2026.25. Downloaded from www.worldscientific.com
by TEXAS A&M UNIVERSITY on 04/01/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

Fluctuation and Noise Letters )

Vol. 25, No. 2 (2026) 2640002 (23 pages) \\ & World Scientific
© World Scientific Publishing Company www.worldscientific.com
DOI: 10.1142/S021947752640002X

Unified Microscopic Foundations of the Quantum
Boltzmann Equation

C. K. Watson @*$, M. I. Shaukat @*, A. Svidzinsky ©*, M. Kim*
and M. O. Scully @14

*Texas AEM University
College Station, Texas 77843, USA

TBaylor University, Waco, Texas 76798, USA

tPrinceton University, Princeton
New Jersey 08544, USA
Scooper_watson@tamu.edu

Received 30 January 2026
Accepted 9 February 2026
Published 4 March 2026

Communicated by Suhail Zubairy

The quantum Boltzmann equation (QBE), originally formulated as the quantum extension of
Boltzmann’s classical transport theory by Uehling and Uhlenbeck and subsequently developed
within the nonequilibrium Green-function formalisms of Kadanoff-Baym and Keldysh, provides
the central kinetic framework for describing relaxation and transport in weakly interacting
quantum many-body systems. Although its formal structure is well established, conventional
derivations often obscure the microscopic equivalence between operator and nonequilibrium
Green-function approaches. Wick factorization is typically applied without explicitly enumer-
ating real-time contractions, while Green-function treatments encode the same physics in
Born-level self-energies that conceal their operator origin.

In this paper, we present a pedagogical microscopic derivation of the quantum Boltzmann
equation that makes this equivalence fully explicit. Starting from the ladder-operator formu-
lation, we enumerate all fifteen Wick pairings of the second-order six-field correlator, identifying
three Hartree—Fock contributions and twelve real-time Born scattering channels generated by a
quartic, number-conserving interaction Hamiltonian. We then establish a one-to-one corre-
spondence between these twelve operator contractions and the Keldysh components of the
second-order Born self-energy, demonstrating explicitly how the Uehling—Uhlenbeck collision
integral emerges after Wigner transformation and quasiparticle projection. Under controlled
Born-Markov and quasiparticle approximations, this work offers a transparent synthesis
of operator and Green-function formulations, and clarifies how kinetic fluctuations can be
understood as emergent under coarse-graining.
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1. Introduction

The quantum Boltzmann equation (QBE) provides the central kinetic framework for
describing relaxation and transport in quantum many-body systems. By adapting a
kinetic equation to the quantum statistics introduced by Nordheim [1], namely,
Bose—Einstein and Fermi—Dirac statistics, a Boltzmann-type kinetic equation was
initiated for quantum systems. Both quantum statistics are describable in a unified
way by introducing statistical occupation factors into phase space, where single-
particle motion, external forces and collision-like interactions are incorporated into a
single probabilistic evolution equation. The formal structure of the QBE with scat-
tering considerations was later established by Uehling and Uhlenbeck in 1933 [2],
who extended the classical Boltzmann collision integral to account for Bose
enhancement and Pauli blocking effects. Despite its phenomenological success, the
Uehling—Uhlenbeck equation did not provide a microscopic derivation based on
underlying quantum field operators.

The operator foundations required for such a derivation were laid by Wick [3],
who introduced the contraction algebra and established the factorization theorem for
time-ordered products of quantum fields. According to Wick’s theorem, a six-field
correlator has 15 distinct pairings, of which three correspond to Hartree—Fock terms,
leaving twelve nontrivial contractions. In the second-order Born approximation,
involving two interaction vertices and six field operators, these contractions combine
with real-time ordering and the gain-loss structure of the kinetic equation to generate
twelve distinct real-time contraction channels. These channels encode the micro-
scopic structure of scattering amplitudes, quantum-statistical occupation factors and
gain—loss processes, thereby providing the operator-level foundation of quantum
kinetic theory.

A complementary perspective is provided by the Green-function formulation
originating from Schwinger’s variational principle [4], which yields the equations of
motion for time-ordered propagators. Building on this approach, Kadanoff and
Baym extended the formalism to interacting nonequilibrium systems and derived
exact coupled equations of motion for the one- and two-particle Green functions, G
and Gy [5]. These equations form the modern foundation of nonequilibrium quantum
dynamics. In direct analogy with the operator-based treatment, Kadanoff and Baym
observed that a kinetic equation emerges upon replacing G, by its Wick-factorized
form. However, the intermediate algebraic steps linking the contraction structure of
G, to the corresponding Born self-energy were not made explicit.

A further advance was achieved with Keldysh’s closed-time-path formalism [6],
which introduced the real-time matrix structure of Green functions and the lesser
and greater components (<,>) that encode nonequilibrium distributions and
quantum noise. This formulation enables the Dyson equation to be expressed directly
in real time and allows collision kernels to be identified as specific combinations of
retarded, advanced, lesser and greater propagators. Langreth and Wilkins subse-
quently developed the projection rules that map contour-ordered products onto their
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real-time components [7]. In particular, their identity for triple contour products |7,
Eq. (A.12)] provides the essential algebraic tool for projecting the Wick-factorized
two-particle Green function GG, onto the second-order Born self-energies that govern
kinetic evolution.

Moyal’s phase-space formulation of quantum mechanics [8], based on the Wigner
transform, established a direct connection between quantum dynamics and the
classical Liouville description through the Moyal bracket. This framework justifies
the gradient expansion used to obtain semiclassical kinetic equations from the
Wigner transformed Kadanoff-Baym equations.

The historical development of quantum kinetic theory reflects a progressive
refinement of microscopic control. Early phenomenological extensions of classical
kinetics to quantum systems were introduced by Nordheim and by Uehling and
Uhlenbeck, incorporating quantum statistics at the level of scattering processes.
Wick subsequently provided the operator algebra necessary for fully microscopic
derivations, while Kadanoff and Baym embedded these ideas within a systematic
nonequilibrium Green-function hierarchy. The explicit treatment of real-time non-
equilibrium dynamics was later achieved through Keldysh’s closed-time-path
formalism. The quantum Boltzmann equation emerges only after these formalisms
are supplemented by controlled approximations. In particular, within the Born
truncation, Markov limit and quasiparticle approximation, the ladder-operator and
nonequilibrium Green-function approaches represent equivalent realizations of the
same underlying microscopic kinetic content.

Despite these developments, most standard presentations of the quantum
Boltzmann equation compress the intermediate algebraic structure. In widely used
treatments, including those based on the Kadanoff-Baym and Keldysh formalisms as
well as standard texts on nonequilibrium and semiconductor transport [9], the Wick
factorization of the two-particle Green function G4 is typically invoked without
explicitly enumerating the full set of real-time contractions. Instead, the connection
to the Born self-energy is usually expressed in compact diagrammatic form. While
the microscopic equivalence between the operator (ladder) formulation and the
nonequilibrium Green-function (NEGF) approach is well understood at a conceptual
level, it is rarely presented explicitly in terms of individual contractions, scattering
channels and their associated momentum-transfer processes.

This review is organized to make the microscopic connections between different
formulations of quantum kinetic theory fully explicit. We present a detailed
derivation of the quantum Boltzmann equation that (i) enumerates all twelve Wick
contractions contributing at second order; (ii) projects each contraction onto real
time using the Langreth—Wilkins rules, thereby generating twelve distinct real-time
scattering channels; (iii) constructs the direct and exchange contributions to the
second-order (Born) correlation self-energy; and (iv) demonstrates explicitly how
these channels reconstruct the Uehling—Uhlenbeck collision integral after Wigner
transformation and the quasiparticle approximation. Although the equivalence
between operator-based and nonequilibrium Green-function formulations is well
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established in principle, the real-time component form at the level of individual
contractions and scattering channels is almost non-existent in literature.

1.1. Scope and limitation

This review is restricted to weakly interacting systems admitting a quasiparticle
description, while strongly correlated regimes, integrable systems and dynamics
near nonthermal fixed points lie outside the present scope and typically require
frameworks beyond the Markovian quantum Boltzmann approach.

The quantum Boltzmann equation derived in this work is valid within a
controlled hierarchy of approximations. These include weak coupling, such that bi-
nary scattering dominates (Born truncation); a separation of time scales, allowing a
Markovian limit; and the existence of well-defined quasiparticles, permitting an on-
shell description of occupation dynamics. Within this regime, the collision integral
provides a consistent reduction of the underlying many-body dynamics. When these
assumptions fail — such as in strong-coupling systems, regimes with long memory,
broad spectral functions, bound states, or near-critical dynamics — one must
instead retain non-Markovian kernels, off-shell transport, or employ resummation
schemes beyond the quantum Boltzmann framework. These extensions lie outside
the scope of the present review.

Throughout this work, symbol U denotes a generic effective interaction kernel
entering a quartic, number-conserving interaction Hamiltonian. For particle
systems, U may represent a physical two-body scattering potential. For field-based
systems, including electromagnetic fields, U should instead be understood as the
momentum-space representation of an effective four-wave-mixing vertex obtained
after eliminating fast microscopic degrees of freedom. In nonlinear optics notation,
this interaction is commonly expressed in terms of a coupling coeflicient \;934. These
descriptions represent equivalent formulations of the same quartic interaction and
differ only by Fourier conventions and the associated momentum-conserving delta
functions. No assumption is made that photons scatter from a mechanical potential.

Finally, we emphasize that this review focuses on the microscopic derivation of
the quantum Boltzmann equation for systems governed by a quartic, number-con-
serving interaction Hamiltonian. This class includes dilute quantum gases and
weakly nonlinear fields dominated by four-wave-mixing processes. Interactions that
do not conserve particle number such as parametric down-conversion, harmonic
generation, or multiphoton absorption, require extensions of the Hamiltonian and
give rise to additional source and sink terms beyond the gain—loss structure derived
here. While the derivation is presented in a general many-body setting, its explicit
contraction structure is directly relevant to quantum plasma kinetics, where the
collision integral is often assumed rather than derived. Spin degeneracy factors are
suppressed for clarity and can be reinstated multiplicatively without altering the
structure of the kinetic equation.
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2. Ladder-Operator Derivation of the Quantum Boltzmann Equation

The derivation presented in this section is not intended as a new result, but rather
as a pedagogical reconstruction designed to make explicit the Wick contraction
structure typically compressed in standard treatments.

In this section, we present an operator-based derivation of the quantum
Boltzmann equation, starting directly from the Heisenberg equations of motion for
ladder operators. The objective is to expose the microscopic scattering structure,
namely the underlying matrix elements, conservation laws and gain—loss factors,
entirely within the operator formalism. This derivation provides a transparent
baseline that will later be reproduced within the nonequilibrium Green-function
framework in Sec. 3.

At second order in the interaction, the time evolution of the single-particle
occupation number is governed by a six-operator correlator. Applying Wick’s the-
orem, the six-operator correlator decomposes into fifteen distinct pairings, of which
three correspond to Hartree-Fock (mean-field) contributions and the remaining
twelve represent genuine scattering processes that generate the full gain—loss
structure of the quantum Boltzmann collision integral. The explicit contraction
algebra is presented in Appendix A.

2.1. Derivation

Here, we derive the collision integral of the QBE by employing Wick’s theorem,
which provides a framework for decomposing expectation values of products of
multiple field operators into pairwise contractions, thereby enabling a controlled
microscopic treatment of interaction-induced scattering processes. We consider a
quartic, number-conserving interaction Hamiltonian describing elastic two-body
collisions:

dPl’ (1)
P1,P2:P| P}

where the sumrr;atiorz; is re/zstric%ed to momentum (p; + p, = p} + p5) and energy
conservation (% + % = % + %), and the scattering amplitude satisfies the sym-
metry condition U(p) = U(—p). No assumption is made that U represents a
mechanical potential; it denotes a generic quartic interaction vertex appropriate to
the quasiparticle description. In classical kinetic theory, the Boltzmann equation is
formulated in terms of a phase-space distribution function f(¢,7,v), reflecting a
semiclassical picture in which position and momentum are simultaneously well
defined. For quantum systems, such a description requires an appropriate aver-
aging procedure to account for the constraints imposed by the uncertainty prin-
ciple. This leads naturally to a phase-space formulation based on the Wigner
representation. We define the semiclassical quantum distribution function f(¢,r, p)
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as the spatial average

f(t,r,p) =

1 - 1
dr'e Zpr< (t,r—§r')\lf (t,r+§r’)>

( K+ k/)ei(kk’>"<d1i(t)dk’(t)>’

where U (t,1) = S i (t)e*T /(2m)3/2 denotes the field operator at spacetime point
(t,r). It is pertinent to mention here that for spatially homogeneous systems, the
phase-space distribution function f(t,r, p) reduces up to normalization to the mode

(2)

k.k

occupation number, i.e.,

/drftrp /drkk/ ( —k;k/>ei(kk’)'f<@£(t)&kr(t)>
:Zé(p—%)é(k k')< > Zép k<@3{() ()>

3)
The operator manipulations that follow are standard and are included here solely
to make explicit the microscopic origin of the gain—loss structure of the quantum
Boltzmann collision integral. In the interaction picture, the Heisenberg equation of
motion for the operator product &Ldk, appearing in Eq. (2) is given by

d N i At AT oA A L
(aliak,) = — Z U(p; — pQ){aL,laI’J,Qapl Oy O,k + al ,ap, A, Qs O ¢

dt o .
P1,P2,P1,Py
—atal, ay ay Sy — aLal, dy dn 8o (4)
k™ p, P2 7P pk T Yk P} p: Up, pok [

Here, we employ the commutation relation dp&Il = 0pq + ndzldp, where n = +1 for
bosons and n = —1 for fermions. To obtain a closed kinetic equation, Eq. (4) must
be evaluated consistently to second order in the interaction Hamiltonian. At this
order, the operators on the right-hand side are expanded to first order in H;,, using
F(t) ~ F(0) + i fotdt’7 [Hie ('), F(0)]. Up to this point, the dynamics remains time-
reversal invariant: neither the Born expansion nor Wick factorization introduces
irreversibility.

At second order, the time derivative of the occupation number is governed by a
six-field correlator. Application of Wick’s theorem decomposes this correlator into 15
distinct pairings, three of which correspond to Hartree-Fock (mean-field) renorma-
lizations, while the remaining twelve represent genuine two-particle scattering
processes. These twelve Wick contractions generate the full gain—loss structure of the
quantum Boltzmann collision integral. The explicit contraction algebra is collected
in Appendix A. Here, we evaluate the sums over qi, qs, q/, q5, using the Kronecker
deltas and use the symmetry U(p) = U(—p). Relabeling dummy indices in the
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second energy-conserving term of the last equation of Appendix A according to
P — P}, P2 = P3, P} — p1 and pj — Py, we obtain

d /. 4. 2i 4
E<a£a’k’> = ZU(IH = K)np, (me — ny) 2 Z Uk —p)U(ps — P1)
Pi P1,P}.P)
X {6(w + wp, — wpr — wp;)[nk,npl = Npnpy + 1
X (g, (npr1 + npfz) — np/lnp;_)(nk, +np,))]

+ 8(wi + wp, = wpr = wp ) [Ny, — NN+

/
1

X (ngnp, (np’1 +np’2) - np’lnp;(”k"'np.))]}- (5)

The first term in the right-hand-side of Eq. (5) is Hartree—Fock term which is first
order in U. By taking k = K/, we can simplify Eq. (5):

dn 4
= 2 Ulk=p)UD: — p{28(wi+wp, — wpy —wpy)}
P1,P|P)
X [ngny, — Ny My + n(ngny, (npf1 + npfz) — Ny Ny (nx +np,))),  (6)

where the Hartree—Fock contribution vanishes identically and will be absorbed into a
renormalized single-particle dispersion, or, in a form that shows enhancement/
blocking due to stimulated scattering

dny 8T
T Z Uk — p)U(p5 — PI{8(wic +wp, —wpr —wpr)}
P1,P P}
[racnp, (1 + mnpe ) (1 +mngy ) — nprmg: (14 ) (14 nng, ). (7)

(The difference between the forms of Egs. (6) and (7) lies in their antisymmetry
under relabeling of dummy variables and therefore vanishes upon summation in the
collision integral).

While the operator formulation renders the gain—loss structure of the collision
integral immediately transparent, it does not provide a systematic organization of
correlations and memory effects. In particular, irreversibility is not an intrinsic fea-
ture of the operator algebra, but emerges only after the introduction of additional
approximations. These aspects are more directly addressed within the nonequilib-
rium Green-function framework, which we review in the following section.

3. Nonequilibrium Green-Function Derivation of QBE

In this section, we rederive the QBE within the NEGF framework developed by
Kadanoff-Baym and Keldysh. The structure of the derivation closely parallels the
ladder-operator construction presented in Sec. 2. Specifically, we begin from the exact
equations of motion for the one- and two-particle Green functions, apply Wick’s the-
orem to express the two-particle Green function in terms of products of one-particle
Green functions, and reorganize the resulting contributions into the second-order
(Born) self-energy using the Langreth—Wilkins projection rules. We then perform a
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Wigner transformation of the Kadanoff-Baym kinetic equation and impose the
quasiparticle approximation to obtain the Uehling—Uhlenbeck collision integral.

3.1. Kadanoff-Baym formalism

Following Kadanoff and Baym [5], we define the contour-ordered one- and two-
particle Green functions

G, V) =+ (Te gy (1), (3)

G5(12;1'2)) :%2 (Ted(1)v(2)y" (2)9" (1), )

where 1 = (rq,¢;) and T orders operators along the Keldysh contour. The exact
equations of motion for G read

2
(zatl 2V )G(l 1y=61-1)+mni / dryv(r; —ry) Go(12;1'2%)], (10)
m

2
<—i8t/ + Zl’)G(l, 1) =6(1—1") +ni / dry Gy (127;12) v(ry — 1y),  (11)
1 m

which are the Green-function analog of the Heisenberg equation of motion for d}I&k
used in the ladder derivation (see Sec. 2). To close Eq. (10), it is necessary to
approximate the two-particle Green function G5(12;1’2"). At second order in the
interaction, this is achieved through Wick factorization, which reduces the six-field
correlator to products of one-particle Green functions. Upon projection of the con-
tour indices onto Keldysh components, this procedure generates twelve distinct real-
time contractions that together form the second-order (Born) correlation self-energy.

The appearance of twelve correlation (gain—loss) channels is specific to the
quartic, number-conserving interaction Hamiltonian considered here and follows
directly from the Wick factorization of the six-field correlator at second order. More
general interaction Hamiltonians, including those that do not conserve particle
number, give rise to different kinetic structures and require corresponding extensions
of the collision integral.

3.2. Wick factorization of G,

For noninteracting fields, Wick’s theorem [3] implies the factorization of contour-
ordered two-particle Green function into products of single-particle Green functions:

Go(12:1'2) = G(1,1)G(2,2) + nG(1,2)G(2,1'). (12)

For four contour-ordered free fields, Wick’s theorem gives the two possible pairings of
annihilation with creation operators:

(Te(1)p(2)y" (29" (1)) = (To (1) (

1)) (Te(2)9"(2)
+ (T p(1)y! f

2) (Tev()y'(1)).  (13)
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By using the Kadanoff-Baym convention (T (a)yf (b)) =iG(a,b), Eq. (13)
becomes

(Tev(w2)e'(2)'(1)) = P[6G(1,1)G(2,2) +1G(1,2)G(2, 1], (14)

which is Kadanoff-Baym Egs. (3)—(25). At the operator level, the second-order Born
self-energy involves a six-field correlator of the form (T 1(1)1(2)1(2)yf (1) (2)yt
(2")). A correlator involving six field operators admits fifteen distinct Wick pairings,
consistent with the general combinatorial result (2n — 1)l = (6 — 1)!! = 15. Of these,
three pairings contract the external fields (1) and '(1’) with each other and
generate Hartree-Fock (mean-field) contributions, denoted collectively by Xygg. The
remaining twelve pairings correspond to genuine correlation (Born) topologies. Upon
implementing contour time ordering and performing the <,> projections, these
twelve Wick pairings give rise to twelve distinct real-time Born correlation channels.
At the level of one-particle quantities, these channels reorganize naturally into two
three-line structures:

X(1,1) = G(1,1)G(2,2)G(2,2), Y(1,1) = G(1,2)G(2,1)G(2.2), (15)

which may be identified as the direct and exchange contributions to the second-order
Born self-energy. The associated Keldysh-contour representations are shown in
Fig. 1, serving as a real-time bookkeeping device for the ordering of the three Green
functions. Each topology generates three lesser and three greater real-time compo-
nents; taken together, they account for the twelve collision channels explicitly
enumerated in the ladder-operator derivation. The Hartree—Fock contributions are
retained only insofar as they renormalize the single-particle dispersion and produce
mean-field forces in the Liouville operator. As they do not contribute to irreversible
scattering processes, they do not appear in the collision integral derived below.

3.3. Born self-energy via Langreth rules

We begin with Kadanoff-Baym’s decomposition of the self-energy

2(171/) = EHF(lall) +Ec(1a1/)a (16)
i of i o
T FESAREN = 1
GO G2y 'G(2,2) s IG(2,2)
: S G(1,2) -7 Gy
1 2 1 2
X =G(1,1)G(2,2)) G(2,2) Y =G(1,2)G(2,1)G(2,2)

Fig. 1. Keldysh contour sketches for the direct (X) and exchange (Y) channels at Born level. The contour
representation serves solely as a real-time bookkeeping device for implementing time ordering and pro-
jecting contour-ordered products onto their lesser and greater components.
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where the Hartree-Fock term is local in time:

Sur(1,17) = 6(t — t1){6(r; —ry) / dryv(ry — r9)(n(rs)) + niv(ry — ry)G=(1,2)|;,—, }

(17)
and the correlation part at second order (Born approximation) reads
. (1,1)= £ iz/drgdrwv(rl —1ry)u(ry — re)[G(1,1)G(2,2)G(2, 2)
+nG(1,2)G(2,1)G(2,2)] =1, 111 - (18)

To connect with real-time kinetic theory, we project the contour products in Eq. (18)
onto Keldysh components using the Langreth-Wilkins theorem [7]. For a contour
product of three functions, one has

(ABO)< = ARBRC< + AR B<C4 + A< B4 C4, (19)

with an analogous expression for (ABC)~. We apply Eq. (19) to the direct structure
equation (15) at ty = ¢; and ty = t,, we obtain

X<(1,1) = GE(1,1") GE(2,2)) G=(2,2) + GF(1,1") G=(2,2') GA(2', 2)

+G<(1,1)GA(2,2") GA(2,2), (20)
Y<(1,1") = G#(1,2) GE(2,1") G<(2,2) + GB(1,2") G=(2,1') GA(2,2)
+G<(1,2)GA(2,1') GA(2,2). (21)

Similarly, we can write for X~ (1,1’) and Y>(1,1’). In the Born and quasiparticle
limits, where spectral functions are narrow and memory effects negligible, the
dominant contribution to the collision kernel arises from terms containing one lesser
and two greater components. Upon imposing the on-shell (quasiparticle) approxi-
mation, enforcing energy conservation through the Markov limit and neglecting
vertex and memory corrections, this contribution reduces to the Uehling—Uhlenbeck
collision structure. We apply the Langreth—Wilkins projection rules to each term in
the Kadanoff-Baym equations prior to taking equal-time limits. After projection, we
impose the constraints t, = ¢, and t) = t/, ensuring that all kinetic quantities are
evaluated at a single macroscopic time. Retaining only the on-shell contributions
then yields the direct term of the lesser self-energy:

ZC<‘ dir(l? 1,) = il?/ d2 d2/ U(l - 2) U(ll - 2,) G<(27 2/) G>(17 2’) G> (27 1,)‘t2:t1-, tor=tyr
(22)

Keeping again only the collision-relevant “one lesser, two greater” terms gives

Yo (1,1) = j:iz/ d2d2'v(1 —2)v(1' = 2')G=(2,1") G~ (1,2") G (2',2) 1,1, ty—t,, -

(23)
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Counting the contributions from the lesser and greater components, X<, X~
Y<,Y>, one obtains a total of 3+ 3+ 3+ 3 = 12 distinct real-time terms. These
contributions are in one-to-one correspondence with the twelve Wick contractions of
the six-field correlator that defines the second-order Born self-energy. Accordingly,
the components of the Born self-energy can be expressed in terms of these twelve
real-time contributions as follows:

£5(1,1) = i / d2d2 v(1 —2)u(l’ — 2) [X<(1,1) + Y <(1,1')],  (24)

27 (1,1) = 442 / d2d2 v(1 —2)v(l' = 2") [X7(1,1) + nY>(1,1)].  (25)

At this stage, the dynamics remains governed by the full Kadanoff-Baym equations,
which retain explicit two-time memory integrals and are fully consistent with
microscopic reversibility. As emphasized in standard treatments of quantum kinetic
theory, the emergence of a Boltzmann-type kinetic equation requires additional
controlled approximations beyond Wick factorization alone. Combining Egs. (22)
and (23), we obtain the explicit coordinate-space Born expression for the lesser
correlation self-energy:

21,1 = + ¢2/ d2d2v(1 — 2)v(1' — 2)[G<(2,2) G>(1,2') G (2, 1))
+ G7(2,1)G7(1,2) G7(2,2)]l1,=t,, ty=t,. (26)

An analogous calculation (interchanging < and >) gives the greater correlation self-
energy. The lesser and greater correlation self-energy components constitute an
intermediate level of description. They follow directly from Egs. (16)—(18), but are
expressed explicitly in terms of real-time Keldysh components. In this form, they
constitute the Green-function counterparts of the twelve Wick contraction channels
identified in the ladder-operator derivation presented in Sec. 2. Substituting these
self-energies into the Kadanoff-Baym kinetic equation for G<(1,1’) yields the Born
collision integral of the quantum Boltzmann equation after performing the Wigner
transformation and imposing the quasiparticle approximation.

This point was analyzed in detail by Danielewicz, who showed that the Boltzmann
equation emerges only after invoking both a weak-coupling Born approximation a
Markovian coarse-graining in time, and a quasiparticle projection onto energy
shells [10].

3.4. Wigner transform and gradient

To derive a kinetic equation, we introduce the Wigner center-of-mass and relative
coordinates [11], defined by (R,T) = (21 + x,)/2 and (r,t) = x; — x5 with

t r t r
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In terms of these variables, the lesser Green function takes the following form:

e tRT) =il ¢ (R=E,7-L)p(r+Z, 741 (28)
2 2 2 2
and its Wigner transform is
G*(R,T;p,w) = /d3r/ dt e“PT) G<(r,t; R, T). (29)

In the notation of Mahan, the semiclassical Boltzmann distribution f(R,v,T) is
obtained as the frequency integral of the corresponding Wigner distribution function
fR,T;p,w), ie.,
* dw
f(R7 v, T) = 2_ f(mv, w; R7 T) (30)
™

—00

Within the ladder-operator formulation, the Wigner distribution is defined as

o . / N " /
f(t,r;p,w):/dr'e_lp‘r/dt'ew’ <\IIT<t—§,r—%)\I/<t+§,r+%>>. (31)

Comparing with the Kadanoff-Baym/Mahan lesser Green function and identifying
(R,T) — (r,t), we obtain

1 o, 1
ft,r;p,w) = 7 /dr' dt’ '@’ =pr') G=<(r',t';r,t) = 7 G<(r,t;p,w), (32)
so that the phase-space distribution
[ dw _ L fdw )
f(t,r,p) :/ﬁ f(tvrapaw) - Z/gG (I‘,t,pﬂx)) (33)

is precisely the frequency integral of the Wigner-transformed lesser Green function,
in agreement with Mahan’s [11, Eq. (3.337)]. Subtracting Eq. (11) from Eq. (10) and
projecting onto the lesser component then yields the exact kinetic equation:

2 o2
(z’&tl +i0,, +¥)G<(1,1’) - /d2 [2>(1,2)G<(2,1') — 2<(1,2)G~(2,1')).

m
(34)

Performing a gradient expansion to leading order in space and time variations yields
the KB kinetic equation (34) in Wigner representation:

DG (r,15P,w) + 1 VoG (1, p,w) = X7 (1, £5,w) G° = B7(r,5p,w) G, (35)
m
where products and arguments (r, ¢; p,w) are implicit. Decomposing the self-energy as
Z(I’, ta p, w) = §:HF(I'a ta p) + Ecoll(ra ta p, w)7

Sue(r,t0) = S UD — a) ng(r, 1), (36)
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one obtains the full KB-Wigner kinetic equation:
(0 + 29, = (V.5ur) - ¥, ) G<(x, 1, )
= Z;H(r,t;p,w) G* - Z:oll(rat;paw) G>? (37)

which is the NEGF analogue of the Liouville operator plus a collision term in the
ladder-operator QBE.

3.5. Quasiparticle ansatz and on-shell reduction

To obtain a kinetic equation for the occupation number n,, we now invoke the
quasiparticle (on-shell) approximation. Therefore, the full Green functions are pro-
jected onto delta functions supported on the dispersion w = wy,, which allows
the Born self-energy in Eq. (26) and its analog to be evaluated explicitly at the
quasiparticle pole.

Assuming a controlled separation between microscopic and macroscopic time
scales, the two-time Kadanoff-Baym equations can then be reduced to a Markovian
kinetic equation by coarse-graining the memory integrals over relative times. This
procedure removes explicit temporal nonlocality and enforces energy conservation in
the long-time limit. It is important to emphasize, however, that this reduction is not a
formal identity, its validity relies on weak coupling and on the rapid decay of corre-
lation functions. Adopting the Keldysh convention (G< = i(¢y'), G> = —i{ynpT)),
the quasiparticle approximation for a weakly interacting gas is

G<(p,w) =2mi6(w —wp) Ny, G7(P,w) = =27 6(w — wp) (1L +1np), (38)

p?

where wp, = p?/2m and np is the mode occupation number. The quasiparticle
approximation underlying Eq. (38) projects the dynamics onto sharp energy shells. As
shown in detailed analyses of off-shell transport, this step eliminates spectral broad-
ening and memory effects, rendering the kinetic equation local in time at the cost of
discarding off-shell coherence [5, 9]. We define the momentum occupation number in

the Green-function language by

nplt) = i [ 52 G<(prwrt), (39)

which reduces to the ladder-operator definition ny, = ( dg ap) in ahomogeneous system.
Multiplying Eq. (34) by (—i) and integrating over w gives

T [ 52 1 (0.0) G (pr) 27 (pr) G (b)) (10)
which is the Green-function counterpart of Eq. (4) in the ladder derivation. We now
evaluate the lesser and greater Born correlation self-energy X C§0H in momentum re-
presentation using Eq. (26) and its analog equation, respectively. For a translationally
invariant interaction, the potential depends only on the relative coordinate and admits
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the Fourier expansion:
v(r; —r9) Z U(q) e'ai—r2), (41)

Substituting Eq. (41) and the plane-wave expansions of the Green functions into the
coordinate-space expression for ¥.5(1,1’) and carrying out the spatial integrations
produces momentum-conserving delta functions and the characteristic pair of inter-
action factors

U(p —p1) U(ps — p1). (42)

For a Hermitian interaction v(r), one has U(—q) = U*(q), and momentum conser-
vation implies q = p — p; = p5 — p}- The product then reduces to

Ulp—p1) U(pz — p1) = U(q) U(—q) = [U(q)]?, (43)

which is precisely the squared scattering amplitude obtained from Sec. 2. Using the
quasiparticle forms and the momentum structure (42), the Born self-energies evalu-
ated on shell simplify to

Ef(pawp) = (277) Z U(p - pl) U(p,2 - p/l) 6(wp +wp| - wp’l - wpfz)

P1,P}:P)
npl(l +7mpq)(1 +77npf2)v (44)
E?(pawp) = (27T) Z U(p - pl) U(p,2 - p/l) 6(wp + wp, — Wp! — wpfz)
P1,P}:P)
X (L +mmp,) ngr ng;. (45)

Inserting Eqs. (44) and (45) into the kinetic equation (40), and relabeling the external
momentum p — k to match Sec. 2, we arrive at

dnk

ﬁ: Z U(k—p1)U(p/2—p/1)27'r6(wk+wpl_wp,l_wp/z)

P1.P}.Ph
X [(1 + U"k)(l + W”pl) np’l np; — N Np, (1 + nnp’l)(]- + ﬂ”pg)]a (46)

where T describes the coarse-grained kinetic time variable (This time scale allows fast
microscopic oscillations to be averaged out while retaining irreversible population
dynamics). Restoring the Fourier-transform normalizations and factors of 7 yields the
final Uehling—Uhlenbeck quantum Boltzmann equation

dn
k Z U k- pl ( - pll)é(wk +Wpl 7wp’1 7wpfz)

P1; Pl Pz
X [nknm (1 + U”pg)(l + nnp.’z) - np’lnp'2<1 + nnk)(l + nmp, )]7 (47)

identical in structure to the ladder-operator result, Eq. (7). Every gain and loss term,
every Bose enhancement / Pauli blocking factor, and every |U(k — p;)|* scattering
kernel can thus be traced back to a specific Wick contraction and its corresponding
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Langreth-projected Born self-energy contribution. Prior to taking the Markov limit,
the collision term retains a nonlocal dependence on the system’s history, reflecting the
finite duration of microscopic correlations. This non-Markovian structure is an in-
trinsic feature of the Kadanoff-Baym equations and has been emphasized in modern
treatments of quantum kinetic theory. Irreversibility and locality in time emerge only
after invoking a separation of time scales between fast microscopic correlation
dynamics and slow macroscopic evolution of the distribution function, an assumption
that underlies the Markov approximation [12]. This correspondence makes explicit
that the operator contraction channels and the Born self-energy components encode
the same kinetic content.

4. Discussion

This section interprets the microscopic derivation in terms of irreversibility, entropy
production and its relevance to established kinetic frameworks.

4.1. Irreversibility and entropy production

From the perspective of the correlation hierarchy, the quantum Boltzmann equation
corresponds to a controlled truncation of the Bogoliubov—Born—Green—Kirkwood—
Yvon (BBGKY) hierarchy at the two-particle level, together with a factorization as-
sumption for higher-order correlations. The resulting autonomy of the kinetic equation
reflects not a failure of microscopic reversibility, but a deliberate loss of information
about higher-order degrees of freedom that renders the reduced description closed.

It is important to emphasize that neither Wick factorization nor the Born
approximation alone introduces irreversibility. The Kadanoff-Baym equations re-
main time-reversal invariant as long as their full two-time structure is retained.
Irreversibility enters only after the Markov approximation and the quasiparticle
projection, which together discard phase information, suppress memory effects and
truncate the correlation hierarchy. Microscopic reversibility, entropy production and
macroscopic irreversibility are therefore distinct notions, which only coincide after
kinetic coarse-graining.

The H-theorem does not assert a fundamental arrow of time, but instead quan-
tifies the monotonic increase of coarse-grained kinetic entropy within a reduced
description that has discarded phase information and higher-order correla-
tions [13, 14]. The appearance of irreversibility is therefore a property of the kinetic
approximation, not of the underlying unitary dynamics.

4.2. Quantum plasma physics

The quantum Boltzmann equation derived in this review provides the microscopic
kinetic foundation for a wide class of quantum plasma theories. In plasma physics,
the same Markovian, quasiparticle quantum Boltzmann equation underlies the de-
scription of collisional relaxation, transport coefficients and entropy production in
weakly coupled quantum plasmas.
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In particular, the kinetic equations employed in quantum plasma analyses such
as [15] are obtained by specializing the general quantum Boltzmann framework to
long-range Coulomb interactions, incorporating screening and collective effects
appropriate to plasmas. While such works focus on plasma-specific physics, including
dielectric response and transport, they typically assume the structure of the collision
integral as given.

In plasma applications, the interaction entering the collision integral is dynami-
cally screened by collective effects, leading to dielectric or Lenard—Balescu-
type modifications of the bare Coulomb potential, without altering the underlying
Born—-Markov kinetic structure derived here [16-18].

The present derivation complements quantum plasma approaches by making
explicit the microscopic origin of the gain—loss structure, through a direct mapping
between the twelve Wick contraction channels and the lesser and greater Born
self-energies.

5. Conclusion

This review has provided a unified synthesis of the microscopic foundations of
the quantum Boltzmann equation, bridging operator and nonequilibrium Green-
function formulations within a single transparent framework.

Beyond the Markovian limit treated here, quantum kinetic theory admits
systematic extensions that retain memory effects, off-shell dynamics and strong-cou-
pling correlations. Non-Markovian collision integrals arise naturally at the level of the
full two-time Kadanoff-Baym equations, while ladder and T-matrix resummations
capture resonant scattering, bound-state formation and transport beyond the dilute
quasiparticle regime. Such approaches are essential near criticality, in low-dimensional
systems, and in modern cold-atom and strongly correlated condensed-matter settings,
where the assumptions underlying the quantum Boltzmann equation break down.

In this work, we have provided an explicit microscopic bridge between the ladder-
operator formulation of the quantum Boltzmann equation and its nonequilibrium
Green-function representation. Wick contractions determine the algebraic structure of
scattering amplitudes, while irreversibility enters only through subsequent kinetic
approximations. By carrying out the full Wick expansion of the six-field correlator and
tracking the complete Wick contraction structure through the Kadanoff-Baym
equations, we have made transparent how the Born self-energy, the Wigner transform,
and the on-shell quasiparticle reduction collectively generate the Uehling—Uhlenbeck
collision integral. Under the Born, Markov and quasiparticle approximations, the
quantum Boltzmann equation follows systematically from the Kadanoff-Baym
equations, and these same approximations uniquely determine the structure of the
collision integral.

The result is a unified operator-Green-function derivation of the quantum
Boltzmann equation, in which every gain and loss term, every Bose or Pauli factor
and every |U(k — p)|® scattering kernel arises transparently from an explicit
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contraction structure. Within the domain defined by Wick’s theorem, the Born—
Markov approximation, and the applicability of Keldysh theory, this work provides a
systematic microscopic reconstruction of standard quantum kinetic theory.

Phase-space and Keldysh approaches provide complementary perspectives on this
reduction, with stochasticity emerging naturally once higher-order correlations are
integrated out [19]. From this viewpoint, alternative formulations such as Boltz-
mann-Langevin or stochastic kinetic theories describe fluctuations around the mean
quantum Boltzmann evolution, emphasizing noise correlations and fluctuation—
dissipation relations rather than the deterministic gain—loss structure itself. In this
work, such noise is not introduced phenomenologically but is understood as an
emergent consequence of coarse-graining and correlation truncation within the un-
derlying operator and nonequilibrium Green-function framework. No additional
noise model is assumed here; rather, stochasticity appears as a controlled conse-
quence of integrating out higher-order correlations within the microscopic theory.

Finally, the same Born self-energies that generate the quantum Boltzmann
collision integral also control equilibrium thermodynamic quantities, underscoring
the deep connection between quantum kinetics and statistical mechanics. By making
the operator-level contractions and the Green-function structure fully explicit, this
review provides a transparent and systematic reconstruction of the microscopic steps
leading to the quantum Boltzmann equation.
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Appendix A. Explicit Wick Contraction Algebra

This appendix provides the explicit algebraic details underlying the Wick-contraction
analysis summarized in Sec. 2; these steps are not required for following the main
conceptual argument but are included for completeness and transparency. As a result,

we obtain
d, .+ )
E(akak’)_ o Z U(p: pQ){ 11 p, Qg Op i + G Gy G, g B e
P1,P2,P} Py
. " 1
AT A T AT A ~
- a’kap’z P1 61"1 ka‘p’lapz ap 6P5>k':| 4h2 Z Z
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e PN At At A At At oA n
Api Gy Op, G Qg Qg1 g, Oq, Op,k Qg1 Qg Aq, G, Ak Ap Ap, Op, Op/k
AF At A A At oAt oA A At WAt At A A

+ a’kap,’zapz Op, a’q’l aq; Oqp, Uq, 6P,k’ aq’l a’q’ (g, Qg a’ka’p’lapz Op, 617[21(/
JE I S S U

+ Uy Gy, Gp, Qg1 Qg g, g, Op !k

(A.1)

In the interaction picture, operators evolve as ap(t) = ape‘j’wpf’, so each term in the

. . . —i(w,r +wr —wy —wy )T
second-order expansion contains oscillatory factors of the form e "1 ™2 Pl

The time integral therefore takes the standard Born—-Markov form:

0 .
/ dre z(wpzl +wp/27wk/ —wp, )T
0

= mo(wpr +wp; —wiw —wp,) +iP
Wp! —&—wpfz — Wi — Wp,

which enforces energy conservation in the long-time limit. This é-function arises from
the Markov approximation, not from an operator identity. All é-functions arising
from the commutators must be applied before Wick contractions are evaluated. Only
after momenta are matched can diagonal contractions <a}£ak> =n;, and (akab =
1 + nn;, be inserted. As a result, evolution equation can be written as

i i 3 I I
_(a’ka’k’) = oF U(pl - p?)(ap’la’p’2 a'Pl ak’6p2k + ap’la’pga/pz ak’6P1k
P1,P2:P P}
_oatat oA 4 _atat oA 4 T Z
akapgapzaplép/lkl akap,lapzaplépékl 57,2
P1,P2:P 1 ,P5,d1,d2,d .5

x U(p1 — p2)U(a1 — @) {5(%3 + Wpr — W — wp,)

Y N
p: Op, a’q’1 aq’2 g, O 6pf2k’):| . (A2)

The first and the second lines in [. . .] differ by interchange p; < p, and, hence, due to
symmetry U(p; — ps) = U(py — P1), they give the same contribution. Similarly, the
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third and the forth lines give the same contribution. Therefore

d i ot . bt ..
= (alak) = o Z U(p, — p2) [ap,lap,zapl g b1 + a;,lal,zapg O

P1,P2:P|,P)
p, Z Z
p’1 aPz Gp, épék/ h2

P1,P2,P P} d1,42,9],d)

AT AT AT o
— aka ,apzapléprk/ — Gy G

X

U(py — p2)U(qy qa){é(wpl + wpy — Wi — Wy, )0k

st oo oat ot a
= gy iy, Gy, Gy, g, ql}}' (A.3)

By taking into account commutation relations (2.1) we obtain

. N T TP
gy g g, g, Ay @y lp Gy — G Gy, lp, G Qg dg, g,
JEE N
= 0q0q @ ak’équ"sqlszraq’laq;apl (10 bq;p1 Oqyp,
ot st PSSP
A 1 g, g 6 /k/(ﬁqupl Uyl Ag, 0, Og /kzéq/lp]
JERC JO S N P
+ Oqr g @y, ap, akféqﬂ,(z + Ugrlgr @y g, dp, i Oq,p
+al,al, 67 ag ay Wby +a,a,al, ag, dy Gy
Q) qh q1 "P1 Q©P; q) g5 py 92 7P1 qaip
ot et e I
i@y o p, aqqaqléq«k, Qi @y G p, A, Oq, 0"
ot oAt oot it et et aa a
Qi lg / Gy g, G, O p, iy a qgak’aqz“ql‘sq;pl- (A4)

Due to symmetry of the sum with respect to interchange q; < q,, and q} < g5,
we can replace

Qg g g, O, Gy, Gy dp, G
Qb al by, Gy, 7 G, 0, — 208, 81 iy, i bo,p;0q,p,
— 20}, ), g, g, 8q 0Payp, + 20, 4%, a1, dq, dp, drebop;
+ 240, 4l 4l g, by, dba,p; — 23], a4, al dy, dq,dq, Sqe
- 2a£,la ,a Gy i, Qg Oq1p,
Similarly
&L’ldzgdm&qlal&;’l&pz%l
—apal, dyap al,al, dg dq — 2], al, iy dy, 8q,p0 0
k¥p! "P27P1 Yq] Tq) 92 N q)7q) P Pz @p;Yak
- 2&:;,1 Altdcn ql‘sq’pz‘S o T az’le;dlgdqlépldpz‘quk
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AT A A A ~
Oy g, Op, apzéqu’. - 2ap’1

(5 !

P2 qg Q1 q,p1-°

a a0’

P1 q,P2

As a result, the evolution equation becomes

d, . +. i T At oAt e
%(altak’): % Z U(pl_pQ)(aL’la’L;a'plak’(spzk—i—apialgapzak’ép1k

1,P2,:P P}

by Op, i, Opljc = il i, =D DS

p;apzaplép/lk, akap,lapzaplép;k, =
P1,P2,P P} d1,d2,9],d5

XWM_MW@PQM&p+%FWMw%Mﬂ

1

AP at &t o a
X (a'q’laq'z i, (g 0,1 Oy, — p’lap;aqzaqléq’lk"sq’gpl
AF At JE
T ag g ay ag,ap, 10,7 + Gqr g @y g, Op, 3O
IS IS SO PSR
aplla’ fzaq’lapla’%a’(héquk’ p’lapf)a’ ’ak/a’qga’%éq/m

At At
_6<wk+""’p’1 — Wp, —Wp, |6 ;k’(aq Gy Op, p26q2p’15q1k

P
ot st St
Ay Oy g, aqléq’lpzéq;pl + Qg @

+a

ot st
ap’lakaq/zaI)Zanaqléq/lpl :
Due to symmetries of the sum one can rewrite this equation as
— () = — U(—)TaTaacS—dT&aér
kM) = 5 P1 — P2 1 @p1 Op, G Op,k — Gy Gy Gp, Op, Op/ K/
P1,;P2,P Py

2
TR Z U(p1 —p2)U(q; — qs) [5(wp + Wp! — Wi — Wpl)
P1,P2,P1, Ph
41,92, 97,45

_ PR P (PSP
Wpl)(S ;k'(a’q’la’q;a a’Pzé(IQP/l(Sﬁhk

aP1 aPz 5(12k
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Next we take the expectation value from both sides of the evolution equation. Using
Wick’s theorem [3] on the second-order terms we have

A At A s A AT oA A
<aq’ gy Op, O bayp,0aypy, — Ap1 Oy Gq, Gq, bqi1dqlp,
R +oa
1 e < q’zapl>)6qu’16011p.’z
R A
a, <ap{2aqz>)6q’1k’6q;p1
/ot o \[at s
_<ap1ap1 Oy Oy 5q’1p16q;k’+776q’1k’6q’2p1 5qu§6qlp;
—lata Mat a N (608 10 B ) Bt
p, v} p, %} )\ %ap; Oaipy T 0ap| Qb ) Ok Oaypy

-
T

At At oA
Upr Oy g, Oq, bq;p,0q;p,

af, 8
At oa At
- <ap’1 ap! <akak> (5qu’15q1k + néqlp’léqzk) 5q’1p25q’2p1'

1“p’1> 6q’1p1 6q’2k’ + néqik’équu)éq]p’léqu;
at
< p} ) <6q1p-’25qu’, +775q1p’15q2p;>5q’,p16q;k’7
alal, a, g dq )6q
! : k P1 7d2 A1 /7 A5P2
={al a Val a, Val, ay Y(6yg 6are 4+ NOqrn Oaro. Va0
- P2 P2 P1 P1 p! P q,P17q,5P2 n q,P279,P1 Q1P qk
VS I FE it
<ap1 ap1><ap’, ap’1><ak“k> <6q1k6q2p’1 + 776Q1p,16q2k) ‘Sq;pléq’zpz'

Taking this into account the evolution equation becomes

(i) = 2 U Wy e —m) — 5 Y
P1

P1,P2:P ;P d1,d2,d},d)

x U(p1 —p2)U(q; — qa) [6<wprl + wpy — W — wpl)zspzk
1

X (5 nk/npl (6q’1p] 6qlzk’ + 775q’1k’6q’2p1 )6(121)’16‘1@’2

— 5" "p) (BaypParpy, + M0q,p! Pa,p;)0q) i Oasp,

+ NNy, Np! (‘5q’1p1 ‘5q’2k’ + néq;k/‘sq;pu ) ‘5q1p’15qu’2
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= Np,Np/ Np, (50111);6(121)’1 + néqlpﬁéqu;)éq’lplfsq;k’)
_§(wk +wp —wp, — wpl>6p/2k/
1 0, 0, 0, 0, 0, I}
X §”p1npz a,p:%a}p, T 104! p,%q,p; ) Oayp’ O k
! Sy Servy' Ot 1007 . 6
5 "k Oap} aik T 719q,p/ %,k ) Oq/p,%a),p,
+ Np,Np, N <6q’1p16q;pz + néq;pz‘sq;pl)‘sqlp’léqzk

— Np, Np! Nk (5q1k6q2p’1 + n‘sqlp’l 50121() 6q’1p1 ‘Sq;pz)} )
(A7)

where we introduced notations nj, = <&l’)&p>.

ORCID

C. K. Watson ® https://orcid.org/0000-0001-8245-541X
M. I. Shaukat © https://orcid.org/0000-0002-8867-4645
A. Svidzinsky © https://orcid.org/0000-0002-4775-6767
M. O. Scully ® https://orcid.org/0000-0001-6397-4927

References

[1]

[10]

[11]
[12]

L. W. Nordheim, On the kinetic method in the new statistics and application in the
electron theory of conductivity, Proc. R. Soc. Lond. Ser. A Math. Phys. Sci. 119(783)
(1928) 689-698.

E. A. Uehling and G. E. Uhlenbeck, Transport phenomena in Einstein-Bose and Fermi-
Dirac gases. I, Phys. Rev. 43(7) (1933) 552.

G.-C. Wick, The evaluation of the collision matrix, Phys. Rev. 80(2) (1950) 268.

J. Schwinger, On the Green’s functions of quantized fields. I, Proc. Natl. Acad. Sci. 37
(1951) 452-455.

L. P. Kadanoff and G. Baym, Quantum Statistical Mechanics (W. A. Benjamin, Inc.,
New York, 1962).

L. V. Keldysh, Diagram technique for nonequilibrium processes, Sov. Phys. JETP 20(4)
(1965) 1018-1026.

D. C. Langreth and J. W. Wilkins, Theory of spin resonance in dilute magnetic alloys,
Phys. Rev. B 6(9) (1972) 3189.

J. E. Moyal, Quantum mechanics as a statistical theory, Math. Proc. Camb. Philos. Soc.
45 (1949) 99-124.

H. Haug and A.-P. Jauho, Quantum Kinetics in Transport and Optics of Semiconductors,
2nd edn. (Springer, Berlin, 2008).

P. Danielewicz, Quantum theory of nonequilibrium processes, I, Ann. Phys. 152(2)
(1984) 239-304.

G. D. Mahan, Many-Particle Physics, 3rd edn. (Springer, New York, 2013).

M. Bonitz, Quantum Kinetic Theory, Vol. 412, (Springer, Cham, 2016).

2640002-22


https://orcid.org/0000-0001-8245-541X
https://orcid.org/0000-0001-8245-541X
https://orcid.org/0000-0002-8867-4645
https://orcid.org/0000-0002-8867-4645
https://orcid.org/0000-0002-4775-6767
https://orcid.org/0000-0002-4775-6767
https://orcid.org/0000-0001-6397-4927
https://orcid.org/0000-0001-6397-4927

Fluct. Noise Lett. 2026.25. Downloaded from www.worldscientific.com
by TEXAS A&M UNIVERSITY on 04/01/26. Re-use and distribution is strictly not permitted, except for Open Access articles.

(13]

Unified Microscopic Foundations of the QBE

C. Cercignani, The Boltzmann equation, in The Boltzmann Equation and its Applications
(Springer, Berlin, 1988), pp. 40-103.

C. Werndl and R. Frigg, The Boltzmann equation and its place in the edifice of statistical
mechanics, Entropy 26(12) (2024) 1106.

D. Kremp, M. Schlanges and W. D. Kraeft, Quantum Statistics of Nonideal Plasmas
(Springer, Berlin, 2005).

A. Lenard, On Bogoliubov’s kinetic equation for a spatially homogeneous plasma, Ann.
Phys. 10(3) (1960) 390-400.

R. Balescu, Irreversible processes in ionized gases, Phys. Fluids 3(1) (1960) 52-63.

H. E. Mynick, The generalized Balescu-Lenard collision operator, J. Plasma Phys. 39(2)
(1988) 303-317.

A. Polkovnikov, Phase space representation of quantum dynamics, Ann. Phys. 325(8)
(2010) 1790-1852.

2640002-23



	Unified Microscopic Foundations of the Quantum Boltzmann Equation
	1. Introduction
	1.1. Scope and limitation

	2. Ladder-Operator Derivation of the Quantum Boltzmann Equation
	2.1. Derivation

	3. Nonequilibrium Green-Function Derivation of QBE
	3.1. Kadanoff&ndash;Baym formalism
	3.2. Wick factorization of G2
	3.3. Born self-energy via Langreth rules
	3.4. Wigner transform and gradient
	3.5. Quasiparticle ansatz and on-shell reduction

	4. Discussion
	4.1. Irreversibility and entropy production
	4.2. Quantum plasma physics

	5. Conclusion
	Acknowledgment
	Appendix A. Explicit Wick Contraction Algebra
	ORCID
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 900
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 900
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


