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Abstract

The canonical quantization of gravity in general relativity is greatly simplified by the
artificial decomposition of space time into a 3 + 1 formalism. Such a simplification appears
to come at the cost of general covariance. This quantization procedure requires tangential
and perpendicular infinitesimal diffeomorphisms generated by the symmetry group under
the Legendre transformation of the given action. This gauge generator, along with the fact
that Weyl curvature scalars may act as “intrinsic coordinates” (or a dynamical reference
frame) that depend only on the spatial metric (g,5) and the conjugate momenta (p), allows
for an alternative approach to canonical quantization of gravity. In this paper, we present
the tensorial solution of the set of Weyl scalars in terms of canonical phase-space variables.

Keywords: Bergmann-Komar; invariants; intrinsic coordinates; Hamilton—Jacobi;
Arnowitt-Deser-Misner formalism; ADM formalism; quantum gravity; geometro-
dynamics; gauge invariance; reference frames; observables

1. Introduction

Since its discovery in the early 1900s, the General Theory of Relativity (GR) has
suffered from an embarrassment of riches [1,2]. Within a decade, GR was already in
conflict with the emerging field of Quantum Mechanics (QM) [3]. Substantial progress
was made over the subsequent 50 years, culminating in Dirac’s theory of gravitation in a
Hamiltonian formalism [4]. Dirac inadvertently implied that infinitesimal diffeomorphisms
must incorporate a compulsory metric field dependence and decompose space time into
a (3 + 1) formalism [5]. This reformulation, popularized by Arnowitt, Deser, and Misner
(ADM), defined the lapse and shift functions (N, N*) to describe the arbitrary (3 + 1)
decomposition of the spatial hypersurface and the time parameter [4-6]. This was most
often used in the context of ]. A. Wheeler’s geometrodynamical program to simply describe
the evolution of solutions to Einstein’s field equations [7]. Although the use of the ADM
formalism gained traction, the idea of defining the lapse and shift functions as phase-space
variables was abandoned [5]. Unknown to many, the canonical quantization approach was
hindered by Wheeler’s use of three geometries. Wheeler’s method focused solely on the
spatial covariance and failed to incorporate the full four-dimensional (4D) diffeomorphism
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symmetry. In the late 1950s, those in the school of Wheeler’s geometrodynamics were able
to argue failures of similar theories, unaware that their criticism also applied to their own
approach! [8].

Any alternate approach to quantize gravity requires the promotion of some set of
observables and operators to describe the degrees of freedom of the respective phase space.
The use of local observables or local quantum operators requires some “intrinsic coordinate
system” (ICS) or a specific dynamical reference frame (DRF) defining the gravitational
interactions of the bodies that form the reference frame. We refer to this ICS (or specific
DREF) as an “intrinsic coordinate reference frame” (ICRF) for the remainder of the paper.
This is a necessary clarification, as a quantum reference frame differs from a classical
reference frame [9]. One candidate for an ICREF is the set of Weyl scalars proposed by
Komar in [10], where the space-time geometry is described by the Weyl scalars. We make
this choice, since GR is a fundamentally local theory that is background-independent. Here,
background independence means that the theory does not rely on an a priori choice of
geometry; rather, the geometry is determined by the dynamics of the theory itself [11].
This subtlety is often overlooked but has serious consequences. In our case, it becomes
increasingly problematic when discussing “geometrodynamics”, in which the geometry
and, therefore, the coordinate labelings are dynamical. This is exemplified by quantum
mechanics in [12], where the dynamics of two equivalent but isolated systems differ when
described by the dynamics of the two coupled systems. In other words, there are no external
objects in a true relativistic theory, so the lack of a relationship between two distinct events
fails to incorporate the full dynamical behavior. Consequently, it becomes compulsory that
we recognize the underlying 4D diffeomorphism symmetry.

We adopt the Rosenfeld-Bergmann-Dirac (RBD) approach because of its ability to
describe a total Hamiltonian using only primary and secondary first-class constraints
((Py =0, Hy = 0), where the constraints hold for all time, given the initial conditions) [11].
Working with the Hamilton-Jacobi formalism, we use the Bergmann—Komar (BK) group
but enlarge the group to include the lapse and shift in the configuration space. Doing so, we
can relate the gauge symmetry and the concept of time as an evolutionary parameter [13].

In this paper, we present the tensorial solution to the Weyl scalars in terms of the
canonical phase-space variables. It is already well known that the Weyl scalars are a set
of scalar polynomial coordinate invariants (SPClIs)’ related to the original form of Géhé-
nau and Debever coordinate invariants. We note that traditional coordinate-invariant
scalars are not gauge-invariant, whereas the Weyl scalars presented here are gauge-
invariant scalars and depend only on the spatial metric and conjugate momenta [15-17].
Due to the density of the topics discussed here, we assume the reader to be familiar
with the current understanding of observables [11,18-21], the intrinsic Hamilton-Jacobi
approach [5,15,22,23], canonical QG methods [24], and intrinsic coordinates [15,25].

For clarity, we list the indexing convention used here. Lowercase Greek indices
(«, B,...) refer to coordinates on the pseudo-Riemannian manifold (M) and take values
from 0 to 3. Lowercase Latin indices (a, b, . . .) take on values of 1 to 3, indicating the spatial
indices. Uppercase Latin indices refer to internal indices (I, , . ..) and run from 0 to 3 (or 1
to 4 for scalars). We reserve lowercase Latin indices (i, , . . .) for the internal spatial indices,
which run from 1 to 3. The calligraphic capital Latin indices (A, B, .. .) refer to bivector
indices and run from 1 to 6 for the symplectic group.

Note that our tetrad vectors do not transform as 4-vectors, since they are coupled to
the time foliation. We can return the metric tensor by using the internal metric:

ny = n' = diag(—1,1,1,1)
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and the relations ;
8w = 771]3{161//
g = UI]E?E}/.

We also must mention the definition of é. For a given field (F(x)), let F/(x’) represent the
field obtained under the infinitesimal coordinate transformation (x# = x# — €*); then,
SF := F'(x') — F(x). This is the Lie derivative with respect to e*.

The ADM Lagrangian transforms as a scalar density (weight +1) under the active
diffeomorphism-induced field transformations ((EE ApM=(Lapme! )H) ). It can be shown
that this property allows us to utilize Noether’s second theorem [26] so that the van-
ishing Rosenfeld-Noether charge (€Y ,,) is simply the generator of infinitesimal gauge
transformations (Gg(x?)):

/d3x ¢ = /d3x Ge(x9), (1)

where (1) holds under the Dirac-Bergmann theory of constrained Hamiltonian dynam-
ics [27]. We encounter an obstacle in which the traditional commutator Lie algebra, i.e.,
? V€5 — eg,ve{, requires higher time derivatives, so the Rosenfeld-Noether charge is

not projectable to the canonical phase space under the Legendre transformations [15,28-31].

et =¢

This is because the diffeomorphism-induced gauge transformations are projectable un-
der the Legendre transformation if and only if the infinitesimal variations depend on
the lapse and shift but not their time derivatives. Instead, we are required to define the
diffeomorphism transformations to be dependent on the following metric:

et =gt = a4+ g, 2)
where n* is normal to the constant time hypersurface:
() (), 0
The corresponding commutator algebra is
o= o (1,88 - a,80) + et (03, - 28e),) + ot (B30 - 1), @)

where e™ is the inverse of the spatial metric, i.e., g, (we differ from ADM and traditional
notation, where ¢ is often denoted as 7 or (%) g%, respectively). This was first derived by
Bergmann when he noticed that there was no simple relationship between Dirac’s phase
space (configuration space) and the fiber bundle(s) over the space-time manifold [31]. This
result is derived explicitly in [25].

With this decomposition, we have the complete vanishing phase-space generator of
diffeomorphism-induced transformations, i.e.,

Ge (x0> = Pug" + Hul + Py (CO — N9+ N,aQ'”)

(5)
+Pa (Npe™ 5, — NEGe™ + Nog" + Nig — N'g),
as originally presented in [15]. Here, P, is the conjugate momentumof the shift. It is
important to note that the complete generator depends on the ¢# term, so the variations of
the lapse and shift depend on time derivatives of the diffeomorphisms. On the other hand,
the variation of g,;, and p® under the infinitesimal transformations (2) do not depend on the
time derivative (&), so they are “D-invariant”>. To be more precise, consider infinitesimal
coordinate transformations, i.e.,
X't = xt — ek, (6)
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such that €” vanishes on the hypersurface (x°), but assume de# /9x? does not vanish on
this hypersurface. Then, a D-invariant is, by Bergmann'’s definition, a variable that remains
invariant under this transformation. In other words, its variation does not depend on this
time derivative. This is still fully covariant under active general coordinate transformations,
as long as we enlarge the phase space so that the infinitesimal coordinate transformations
are dependent on the lapse and shift functions [15].

To compute the Weyl scalars in terms of canonical phase-space variables, we must cast
the Weyl tensor into symplectic space with our enlarged BK group. Then, we write the
scalars in ADM and tetrad formalisms in terms of the lapse and shift functions. These two
mathematical forms will each produce two scalars.

1.1. ADM Formalism

Starting with the ADM Lagrangian, we follow [28], where we use minus one-half the
ADM Lagrangian to introduce the triad variables in the following section.

1 1
£ = ~Lamn = (O Kk )
2 (7)
= —;Nt(mR + K pe®etK 4 — (Kabe”b> )
Here, the extrinsic curvature (K,) is given by
1 C C C
Koy = ﬁ(gah,o — N8ab,c — 8caN"p — 8N ,11) ®)
1
=N (gab,O - zgc(aNc|b))'
Additionally, we define

ti=4/Og, )

where 3) g is the determinant of the spatial metric (g,;). For completeness, we also explicitly
define the conjugate momentum:

pab _ \/@(Kab _ cheab)’

Pab = (3)g(Kab - chgﬂb)'

(10)

We make the distinction between the three-dimensional curvature scalar ((3) R) and the
four-dimensional curvature scalar ((4)R); we also apply this notation for the traditional or
commonplace (4D) Riemannian tensors.

Since we want the canonical description (in phase space), we will write the covariant
(and contravariant) space-time metric(s) in terms of the lapse function (N) and the shift
vector (N?):

_N2+gahNaNb gubNu ap _N72 NizNa
= y = . 11
g"‘.B < gahNh Sab 8 N72Na eab _ NaNbN72 ( )

We note that the contravariant metric may be written as
g =el" —ntn", (12)

where eV is the projection tensor and is one of the three original D-invariants from Dirac [4].
We also use the D-invariant, i.e.,
=0, (13)
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to work “on-shell” of the hypersurface. We write the Weyl tensor (conformal tensor) as

1
Caprs = D Rapys 1 5 (805 Ry + 857 Rus — gar Rs — 835 R (14)

1
T3 (801885 — 8238p) “R,

where (4) Rtxﬁ’y& is the lowered Riemann tensor, (4)Raﬂ is the Ricci tensor, and 4R is
the Ricci scalar. Weyl’s tensor contains the ten field components that are not con-
nected to the matter conditions of Einstein’s tensor. The Weyl tensor has symmetries of
Cupys = —Cpuys = Cyoap = —Cupsy- We may use Gauss’s equation to write the
Weyl tensor’s spatial components solely in terms of the canonical variables, i.e.,
Capea = ®) Roped + KacKpg — KagKpe

We introduce the definition for the contraction of the normal vectors with the confor-

mal metric tensor as
5 -
n Cubc§ = CubcL- (15)

We can construct D-invariant components of covariant tensors of arbitrary rank in this
form. To do so, we start with a given covariant vector (v;,). We then calculate the variation
of v, under the infinitesimal diffeomorphism (6) as follows:

bvy, = €, vy + v’
IN=Ne&’+...,
SN =N +e"+...,
so
5 =5(N7)
=— N"2%N
=—N1 4+ .,

and

ont = — S(N—lN“)

= N"25NN* — N"14N"

= N IN%0 - N1 (N”éo + eﬂ) T
=N"le" ...

Keeping only the time derivatives of €/ we find

S(vunt) = (ef’},vv + vwev> n* + vpdn° — v,n"

=0, N1 —goN1e¥ —o,N~1¢? + .. ..

This shows that the variation does not depend on time derivatives of €/. Therefore,
if we consider variations under diffeomorphisms that vanish on the constant xy hypersur-
face, v; 1= vynt is a D-invariant [5,32]. We should also note that for multiple contractions,
the tensor is denoted similarly as

1Pn°Copes := 1P Caper == Carer, = Capeac™. (16)

Multiple normal vector contractions (L) are organized so that they are always the last
index for the conformal tensor’s three-forms and the even indices for the conformal tensor’s
two-forms.
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1.2. Tetrad Formalism

We must now create an orthonormal tetrad composed of the vector normal to the
time-constant hypersurfaces (n") and triad vectors. We choose the tetrad so that the terms
(E? ) are the orthogonal unit vectors. In particular, we take

Ej =nt =6)N' - /NN, (17)

El' = 5,67 (18)

Then, the full contravariant tetrad set is written as

N1 0
" _
Ef = (—NlNﬂ Tf)’ (19)

where we refer to T} as the contravariant triad. This triad is related to the inverse spatial
metric by e? = T Tl.b. The corresponding covariant tetrad is written in terms of covariant
triads represented by the orthonormal spatial one-forms (t,), where our three-metric is
given by g,, = tit!. The full covariant tetrad is then given by

N 0

I

= . 2. 20
“n (t;Nﬂ t;) 20)

1.3. The Enlarged Bergmann—Komar Group

In this section, we review the content of [29] in a more modern, readable manner.
Géhéniau and Debever first showed in [33] that the Weyl tensor gives four algebraically
independent scalars. This approach utilizes the fact that in the absence of any gravitational
sources, the Weyl and Riemann tensors are the same. Bergmann reformulated this slightly
using six linearly independent bivectors (skewsymmetric tensors of rank 2) that represent
the Weyl tensor in phase space (following the bivector decomposition of Petrov [34]).
The index pairs are

Bivector index (A, B, .. .) Index pair
1 (23)

(21)

N Q1 = LW DN
A~~~
—_

o
N — —

(30)

Note that when moving between the bivector and metric form, the index relations
used for calculations are
A ap, B<+— 99,
C<+—po, D+— v, (22)
E+— KA, F+— Tw.

The Weyl tensor can then be represented as a 6 X 6 matrix (C), where we must define
two additional matrices. One will take on the role of our metric tensor (G), and the other
will raise and lower bivector indices:

GBC .= gl = grpgdr _ gdpgre, (23)

1
7)gmgm;e"‘/5 0, (24)

NAp = N“ﬁvé -
—(4)g
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where e*f?7 is the Levi-Civita tensor density, with €”?> = 1. To avoid confusion with
regard to Bergmann’s notation, we use epsilon to denote the Levi—Civita tensor with
coordinate indices and the delta symbol to represent Minkowski indices. Note that this
epsilon has a tensor density of weight one, e.g.,

B = e“ﬁpag’jg’;ngﬁ % =1. (25)

Additionally, G and R satisfy the following relations:
N2 = —I,, (26)
NG = (NG)T = —GnT, (27)

where the superscript T indicates transpose and I denotes the 6 x 6 unit matrix. We can
then raise the indices of X by
NPA = RPGEA, (28)

The algebraic properties of the Weyl matrix (C) are

c=cCT, (29)

cr =*Cc=*cT =NT¢, (30)
Tr(C) =0, (31)
Tr(*C) = 0. (32)

We transform the above algebraic relations using tetrads of mutually orthogonal unit
vectors at a “world point” and distinguish the first three bivector indices from the second

(15 0 (0 -Ig
c_<0 _H3>,N_<H3 0). (33)

We may write the algebraic properties of matrix C as a set of 3 x 3 matrices (A and B):

triplet by denoting

A B
A o
A= AT, (35)
B =BT, (36)
Tr(A) =0, (37)
Tr(B) = 0. (38)

After a Lorentz transformation, C may be written in complex notation as a symmetric,
complex, and trace-free matrix, i.e.,

Q=A+iB, (39)

which transforms as a rank-2 tensorand is diagonalized via Petrov classification [35,36].

The Weyl scalars may be derived by casting the Weyl tensor into an eigenvalue problem
in which the metric tensor becomes Minkowskian when the traces of the two symmetric
3D matrices (A and B), vanish individually, i.e.,
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(szw - /\(gzx'ygﬁo‘ - gmsgm))VV‘s =0, (40)

where the skewsymmetric tensor (V719 is the eigen-bivector and A is an eigenvalue [16,37].
The solution of this problem gives four scalars:

W' := Tr(CGCG) = C43GPCCepGP4, (41)
W2 := Tr(CGCR) = C43GPCCopRPA, (42)
W3 := Tr(CGCGCG) = C 5GP CopGPECe £GT4, (43)
W* := Tr(CGCGCR) = C 45GB¢CopGPECe pRTA. (44)

where W! and W2 are quadratic and W3 and W* are cubic expressions of the Weyl conformal
tensor, with the scalars written in terms of canonical variables [16]*.

For a set of four independent functions of the scalars to serve as an ICS (or ICRF),
they must be algebraically independent, noting that not all solutions to Einstein’s field
equations obey this requirement. This is evident for Petrov types N and I1I, where this set
of coordinate-invariants vanish, although the Weyl tensor itself is nonzero [38].

Since W2 (W#) requires the use of both the tensor, i.e., RPA (RFA) and the triads used
to describe this matrix, we derive RP4 below to ensure invariance. We wish to rewrite
expression (24) in terms of the Minkowski Levi-Civita symbol (6//KM, where 40123 = 1).
We note that there must exist a constant (8) satisfying

e = asl/KMESEPEQES,. (45)
To determine the constant (£), we contract with the covariant tetrads to obtain
e“ﬁpaeiel]gefeg/f = ROUKM, (46)

so that
R= e”‘ﬁp"ege};ege‘?’, = N&"etl 243 = Nt. (47)

We can then write (45) in the form of

€7 = NtoKMESEPER S (48)
Note that
—®g = Nt, (49)
so that (48) becomes
evbor — gUKMEREPEOEE [ (g (50)

Substituting the above equation into (24) yields
g = SUKMESEPES ES 000 0. (51)
Re-indexing A — D and B — &, we can write
RPg = N = gaxgprd/KMENEYERER,. (52)
Raising this in combination with (28) yields

1
NPA = 2 guxgpnd " ME] EYERER G,
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Using (23) for GE4 and 6,* = g1 g™, the above simplifies to
D
RPA = gUKMEREVELER,
Rewriting in terms of (69) gives us
NDA = §ijk(nVEiVE]-"‘Ek/S — T’linHE]‘aEkﬁ + EiVE]‘VTlaEkﬁ — EiMEjVEklxi’lﬁ). (53)

We now show that the scalar densities that require X transform properly under arbi-
trary spatial diffeomorphisms:

T(x) = 8T/ T} Tf,
la b Ic
/() — giikpdeS 90X 0X” 0xX*
T'(x) = S T S o s
def _ ysijkrrdrerf _ m—1sijkrdrerf
el =t TITIT] = TSI TITE T,
dog 0 X 9x'C_|ox!
oxd 9x¢ 9xf | ox

T'(x') = Te

7

(so the determinant transforms as a scalar density of weight —1) while € transforms as
a density of weight +1. Therefore, we require an additional factor (T) so that W2 (or W#)
transforms as a scalar (or scalar density of weight zero):

ai'
ox

ox

W2 (x') = W3 (x) o

= W2(x).

Since both W, and Wy require the scalar density (T(x)), the presence of T(x) in Wy
ensures that W; also transforms as a scalar of weight zero under the spatial diffeomorphisms.
The only difference is that W, couples linearly to RPA, whereas W, couples by a cubic
contraction (of RF4).

2. Solution of Weyl Scalars

We now derive the exact relations between the four Weyl scalar functional invariants (
W) and the canonical phase-space variables. This was proposed in 1962 by Peter Bergmann
after two were derived by Bergmann and Komar two years prior [16,29].

2.1. The First Weyl Scalar

The first Weyl scalar does not require the tensor (X), so we shall work solely with the
ADM formalism. Beginning with

W' = C4gGB¢CopGP4, (41)
we rewrite the first Weyl scalar as
W' = CupysCoow (GBC GDA). 41')
Using (A3), we find
w! = CapysCpopv (4@796‘5‘76?‘”‘@”/5 —16e7Pe% et VP + 1667”6”“715;1‘7;1”71/3).
We contract using Equations (15) and (16).

w! = 4Caﬂ75Cpawewe‘5‘TeWevﬁ - 16C,,¢L,},(5CP(7”L€7P€50€’M + 16CaL7LCpLyL€7peW~
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We simplify by using (13), i.e.,
W1 = 4CpaCorgne’e™ e8%e" — 16C,1 4 Copqre™e™ 68 +16Cqpcr Corgrees”,
and the inverse spatial metric raises the conformal metric tensor indices, so
W = 4CupeaC — 16C,10aC 1 + 16Ca1c1.CL" .

The symmetries of the Weyl tensor allow us to re-index before (or after) raising the
indices so that the above line becomes

W' = 4CopeqC™" —16Cae C™L +16Co15 C1 1.
Simplifying the coefficients leaves the first Weyl scalar, i.e.,
W' = Capea " — 4Capcr €1 +4Ca1 C'1 "1, (54)

written in the shorthand form so that we drop the L-indices as follows

W = CupegC™%4 — 4C, C 4 4C,, C™ |, (55)

This indicates that the original publication of Bergmann and Komar [16] is lacking
a negative sign on the second term, i.e., 4C,;C?’ in their Equation (3) of their first Weyl
scalar (W'). This also fixes the missing negative sign reprinted in Equation (44) of the
modern literature [13]. This sign error may have arisen from the method of contracting for
the on-shell (three- and two-form) Weyl tensors. This was seen by Bergmann and Komar
in [16], where they agreed with our definition of (16), whereas Pons et al. [13] found this
term by disregarding the original negative sign when using their Equation (38).

2.2. The Second Weyl Scalar

Starting from the second Weyl scalar, i.e.,
W? = C 4G CepRPH, (42)

we re-order W2 = GBC Cep RPAC 4B, and since we are using XN in our calculation, we should
turn our attention to calculating the product of

Y := CopRPAC 4. (56)
First, by substituting (53) into (56) and re-indexing, we obtain
Y = Coound ™ (n"EVEf*ExP — n'EFEfERP + EFE n*EP — EFEVE*nP)Capos.  (56)
Contracting (56") with (15) yields

Y = 6% (Coory E"Ef* ExP Cupys — Coop E* EExP Capas
+CpavaiHEjkaBCLﬁ'y§ - CpavaiijVEkaCrxL“yJ)-

Re-indexing again shows that the terms are equivalent, yielding

Y = 4C,o1y EVEf ExP Copys0™. (57)
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Substituting (18) into (57) returns
Y = 4Cpors Ti" T Te Capyada” 0" 6P 67,
and simplifying yields
Y = —46" Corar T TP Tk Cpens-
We can further simplify this equality expressed as
SETITI T = Te™, (58)
to give us (56) in the form of’
Y = CepRPAC A = —4Te€™ Coar Cpeys- (59)
With (59) and (A4), we write (42) as
W2 = (Zewe&’ - 22ewn5n‘7) x (—4T€”bCCP(mLCbC75). (42')
Contracting (42") with (15), then simplifying with (13) yields
W2 = —4Tee (zcefuchcgdegeedf - 22ceLﬂchcheg@).
Then, raising with the inverse spatial metric, we have
W? = —8Te"(C,far.Cpc®/ — 2C8 a1, Coeqr)-
Re-indexing, we find (42)
W2 = —8Te™(Cgoqr Cpc™ — 2C La1. Cpear ), (60)
or with the short-hand
W2 = Te™ (—Coper Cae™ + 2Caer Crar ) | 61)

We note that there is a freedom when raising the indices and that the authors choose

the least mixed terms (e.g., mixed two-form or lowered three-form). We compare this to the

original proposal from Bergmann and Komar in [16], where they presented their solution

of the second Weyl scalar as

W2 = ¢lms (Ciklmciks + chlmcks)-

We re-index and apply our method of normal unit contractions of L, as well as the

symmetry (A2) for the sign of the first term:

W2 = Eabc (Cdeabcdec + zccabccd>
= €™ CaoapC%cr +2C1apC” LdL)
CdeaLC v+ ZCcLabC LdL)

(
(

ahc( CdeuLCbC —|-2CCL,1bCCLdL)
(-

ﬂbC

abc

abcL Cdeab =+ 2CabcL (o LdL) .
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Therefore, we are in agreement with the original publication by Bergmann and Ko-
mar [16], with the exception of the missing scalar-density (T), as shown by Pons et al. [13].

2.3. The Third Weyl Scalar

Constructing the third Weyl scalar follows the same method as the first scalar, i.e.,
W? = CapGP¢CepGPe CerGT4, (43)

however, the direct proof grows exponentially and can be unwieldy. This is seen when
solving for the product of GB¢GP¢ GFA. Substituting the product (A5) into (43), we find

W3 — (2367p6506ykew\emewﬁ _ 24 (e'ypeéaeyxel/)xe’mnwnﬁ + ze'ypeéae;memewﬁnvn)u)
—|—25€7p3memew/3n5nan”n)‘ + 2667Pe§ae}4kemnvn)xnwnﬁ) X (Cuc/iwcpvyvcn)\rw)-
Contracting with (15), (16), and (13) in one step returns

W3 = 23e“edfegiehjek”elbCubchefghCijkl
— 24 (e e8¢ e Cop o CoponCijer, + 26™ e87eKe!" Copeg Co o1 Ciria)
+2%ee8ieM el C oy g Corgr Cirpg + 2%¢e €87 Cop 0y Co o1 Cirir -
Raising6 and re-indexing yields
W3 = 8CapcaCefC ™ — 16C peaC* L Co — 32CpeaC™*LC 1
+96Cu1 Cr C1 L — 64C,1p1 COLer CLE L
then, simplifying gives the third scalar:

W3 = CppeaCfC™ — 6CapegC™* L C

ab c d b a ¢ (62)
+12Caper C7arCL L = 8Carpr Core CL 1
or alternatively
W3 = CapeaCofC™ — 6C1caC™CM + 12C 1 C4C — 8C 1 CPC™ | (63)
2.4. The Fourth Weyl Scalar
Following the procedure of our solution of W2, we use X7 to solve for W*:
W* = CugGBCCopGPECe rNTA. (44)

We write the product of C¢ FRFAC 45, where we recall from earlier that the product
depends only on the first and last indices so that R4 is

WA = 6% (' EVETES — n'EMETES + EFEMnTEY — EFEVMENY). (64)
Operating with the outer terms (Cg r and C 43) produces

CerRACan = —4Te™ Corar Crens. (65)
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Using the above (65) and substituting G5¢ GP¢€ (A6), W* becomes
W4 _ (_2267‘06(508‘141(61//\ _ 24 (e'ypeéae;m nvn/\ + ewpeyxev)\néna>
—ZSeVPeVKn‘Sn”n"n’\) X (—4Te“bCCpngK,\aLCbmg> .
Contracting with (15) and (16), then using (13) to drop to spatial indices’, we find
W4 =Tebe (—32ec€edf e81eMC, 5 Cijor1 Cirorea
-2 (eceedf €8'Cofo1 Cirar1. Chrerca + €eS'e CeLghCija’LCb’c/cL)
_2SeceegiCeLgLCiLa’LCb’c’cL) .
Raising indices with the inverse spatial metric, then re-indexing returns
W = Teabc (_32CfgaLCbcdeCdefg + 64(CdefLCfLuLCbcde + CedeCbchCefaL)
_128CdL€LCeLaLCbch) :
Re-indexing again and simplifying, we find the fourth Weyl scalar:
W = Te* (_CefgLCabchCdef +2(C | Copp1.Caped + C1 Caper Caefr)

c d (66)
—4C°L LCdLeLCubcL)/

or

W4 = Tefbe (fcabcdccdef Cefg + 2CapcdC™Cof + 2Cp Cao f CT — 4cﬂbcccdcdg) . (67)

2.5. Weyl Scalars in Tensorial Form

We now present the set of all four Weyl scalars in terms of canonical phase-space
variables:

W' = CpeaC™e — 4C, C™ 4+ 4C,,C™, (55)

W2 = Terbe (—cabccdfb +2ccﬂcﬂbc), (61)

W? = CppeaCfC™ — 6C g CC, + 12C, C™ 4 C*F — 8C,p,CPcC™, (63)

W = Te™ (—CopeaC%/ Copy + 2CapeaC% Cop + 2CapeCap C** = 4CeCCye )| (67)

3. Weyl Scalars for the Schwarzschild Solution

We present the example for the Schwarzschild solution, as by choosing our coordi-
nates/gauge, we freeze our dynamical interpretation. Starting with n#, the hypersurface
normal to the constant time is expressed as follows:

= () (), @

where

)

ntn, = —1 (70)
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so that
n, = {—N,0,0,0}, (71)
and 1 , 1
00 2
= ——, N = — =R/ N = —.
8 N2 00 =% (72)

The lowered and raised normal vectors are then

nl/l: ;,0,0,0 , ny = - 1_2ﬂ/0/010 . (73)
2 : r
-2

r

For the Schwarzschild solution, the contravariant metric is written as

— O2 0 0
0 1-4% 0 0
= f : (74)
8 0 o L o
1
0 0 0 2 sin 0
so that
0O 0 0 0 )
0 1-22 ¢ 0 -0 0
e LS S Al (I S I
7 1
0 0 6 > 1 75 0 0 r2sin? 0
< sIm’
or, simply listed,
ellzl_zﬂ 22:l 33 _ 1 ‘
r’ r2’ 12 sin’ @ (76)

The elements of the lowered Weyl tensor are the same as those of the lowered Rie-
mann tensor:

2m m(r —2m r —2m)msin® 0
Cotor = =5, Cozoz = %, Cozoz = %,
(77)
.2
m msin“ 0 .
Cionr=———5_, Ciaiz=———5" Co =2mr sin” 6.

To show that Cyp := nnl Caps = CWY‘B(;E'Y‘S, we evaluate
Ci1 = Ci2126® + C1313¢%%,  Cxp = Cappre! + Caznse®,  Caz = Caize! + Capze®, (78)

then, substituting (76) and (77) into (78), we obtain

2m

T 2(r—2m) 0
Co = 0 % 0 (79)
. 29
0 0 mS]T.}’I
Alternatively, finding Cyp, = —1"Cyup,,
1
= —, (80)
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1 2m
Cio1 = n°Cor01 = ——— <—3>,
1-2m\ T
z
1 m(r —2m)
Caoz = n°Copz = ,
202 0202 T ( o) ) (81)
-
1 r —2m)msin® 6
Ca03 = n"Coa = <( )2 >,
_ 2m r
\/ -
so there are only non-zero temporal 3-form terms, we can then write
Cabe = 0. (82)

However, we can contract and find the lowered two-form by contracting the temporal

b ey
1—2\ 3 ) 2(r—2m)’

three-form terms again: 19C,0p

0
Cii =nCim

1 m(r —2m) m
_ ;0 _ _
Cyp=n C202—1_2;n< ) )_r' (83)
1 r—2m)msinZ 0 msinZ 0
C33:n0C303:12m<< 7’)2 >: » .
r

3.1. Raised Two-Form

The contravariant two-form of the conformal tensor is written as
C*P = e™ePrCy,,. (84)
There are only the following terms:
Cll — ellellicy,, C2 = e2e2Cy, CB = e3ePCy. (85)
Substituting (76) and (83) into (85) yields

= (=) - T) Captmm) -

» 11m m

r2r2r o (86)
B 1 1 msin?0 __m
r2sin? 0 r2sin?@ 1 15 sin? 6
3.2. First Weyl Scalar (W)
To calculate C,;,C?,
CapC™ = C11CM + CppC2 + C33C%,
_(_  2m ~2m(r —2m) pmm msin? 0 m
U r2(r—2m) r rd r 15sin? 0’
87
_ dm*>  m*  m? (87)
ERE
_ 6m?
=5

2 ) )
Then, 4Cabcab — 24%, and with Cabcdcubcd _ 24%’121 )
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2
48m (88)

W = CapeaC™ + 4C,,C% = 5

3.3. Third Weyl Scalar (W3)
Following the procedure of the previous scalar, the third Weyl scalar is found to be

48m®  48m®  96mS
W3 = W3 + WYy = rm y 2o o (89)

Simply put, the only non-independent scalar term is

(90)

3.4. Dependencies of Weyl Scalars Wy and W,

The second and fourth Weyl scalars require the lapse and scalar densities:

Nt=\/-Wg, t=/0g T1-t 91)

The value of t is simply the determinant of the lowered spatial metric:

5 qin2 _
72 sin 9, T_ r Zm' (92)
r—2m 5 sin? 0

The second Weyl scalar is dependent on C,,., which is zero, so this scalar vanishes.
Similarly, for W4, all of the terms are dependent on C,;,, with the exception of one being
dependent on C¥, which is also zero if raised by the contravariant metric.

A heuristic interpretation of the two-form is as the area flux through the metric
manifold. Similarly, the four-form may be interpreted as the volume-curvature contraction.
Following this, our decomposition suggests that one-half of the intrinsic curvature may
be interpreted as self-energy of the geometry, with the other half corresponding to the
curvature flux normal to the manifold. This is similar to how the Carminati-McLenaghan
invariants decompose into quadratic and cubic contractions.

3
WH2 _ gem3

The non-trivial Schwarzschild BK-Weyl scalars are W3 = N which is
similar to the Carminati-McLenaghan invariants for the Schwarzschild solution, which are
W — (w1)3/2 . @

2 — V6 A

For the Schwarzschild example, there is no interesting information to glean from the
extrinsic curvature of K,;, and the conjugate momenta (p), as both of these matrices are
zero. This choice of a static solution is slice-dependent which causes the extrinsic curvature
and conjugate momenta to vanish. In contrast, for space times with intrinsic rotation, such
as the Kerr solution, where these quantities are nontrivial, there may be significant physical
insight from comparing the intrinsic and extrinsic curvature for dynamical behavior.

3.5. Intrinsic vs. Extrinsic Foliation Slicing

Although our Scwarzschild example is static, we can still investigate how the curvature
differs depending on on how we foliate our slicing. Since the curvature is solely intrinsic
for the Schwarzschild solution, the extrinsic curvature is zero. Instead of static slicing, in
which there is no shift, let us look at Gullstrand—-Painlevé [39,40] slicing, in which the lapse
is unitary but there is non-zero radial shift:
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2
ds? = —dP + <dr +2m /rdt) 42 (d@z + sin? 9d4>2). (93)

With N = 1, we find that g # 0so that N, = gy = 27’" This yields

1
Tpy = —1, Thy=—rsin?0, Tl =TH = - (94)
to be used in the covariant derivative, i.e.,

Similarly to the Schwarzschild slicing, the solution is static, where 9;y,, = 0. The ex-
trinsic curvature, in terms of the covariant derivative, is

1
Kapy = =555 (97ap — DaNp — Dy Na), (96)

where for Gullstrand—-Painlevé, it simplifies to

1
Kop = E(DaNb + DypNa). ©7)
This yields
1 2m .2
Krr = *E 1’73’ Kgg =V 21111’, K¢¢ =V 2mr sin 9, (98)

and from K = 4K, we find

3 2m
1<:1<:+1<2+1<j§:§1/?3. (99)

Fully raised, K = qreqbdg yields

1 /2m 2m 2m 1
r_— _Z, 2 00 — /2 P — 100
K 2V 37 K V 7’ K 7 sin20’ (100

From the conjugate momenta equations given in (10), we find

1
p'" = —2sin0v2mr, p% = —siné),/%, pP = ——— n

sin@ '\ 2r3’

(101)
P = —2sin0V2mr, pgg = —sinfy /%, P — 7sin39,/%.
The trace-density relation then agrees, yielding
pi= Y™ = —2\/7K = —3v2mrsin 6. (102)

Now, we wish to write the lowered spatial conformal tensor in terms of the canonical
variables. We start by writing the relation of the purely spatial Weyl tensor as

Caped = 73’)’57373(:&[375/ (103)
and the Riemann tensor as

VYYD Repys = @ Raped + KacKpa — KagKpe- (104)
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We then want the projected tangent to be preserved so that

P Y3806 Ry = Vad (75 0 (4)1%) = YR, (105)

where “_1” indicates the projected tangent terms. For all of the Ricci terms, we obtain the
antisymmetrized combination of

%[d(@RLh - “Y17[171(4)RCL (106)

c] la
For the scalar-curvature terms, we write

Va VI (801865 — 8uo8er) YR = (YacToa — Yaamoc) VR (107)
We define the contracted Gaussian relation in terms of the tangential projection of the

4D Ricci tensor as
Sap := WRY = OIRy, + KKy, — KiKy,; (108)

a

and its trace as
§:=WRL = WRL = CIR 4 K2 — KK (109)

The conformal tensor (14) may be written using (103), (104), (108), and (109) as
Cabed =® Raped + KacKpg — KyaKpe
1 1 (110)
~3 ('Ya[csd]b - 7b[c5d1a> + g5 ValcVa-

Writing everything purely in canonical variables, we obtain

1 ab 1
Kub:ﬂ<pab_72p>/ Kab:ﬁ(pab_%), K:_Z\Lﬁ, (111)

so that (108) and (109) become

_eR, L1y, 1
Sab Rub ,yPusz + Z,YPPab/ (112)

and 1 1
— OB Rty ~ 2
S R Pl + P (113)

respectively. Using (111), (112), and (113), we write (110) as

1 1 1 1 1
car (o) (- ) (- ) o~

1

1 (114)
2 (’ya[csd}h ’)/b[csd]u) 657a[c7d]h‘

Equation (114) is the spatial conformal tensor in terms of the canonical phase-
space variables.

The two metrics, i.e., the Schwarzschild and Gullstrand-Painlevé metrics, only differ
by the foliation of the static slicing being described by the intrinsic or extrinsic curvature
without altering the 4D information. The tidal field, or the gravitational behavior once
the gauge is chosen, is an intrinsic property of the space time and is independent of the
coordinate representation and the instantaneous labeling of points within the chosen frame.

We emphasize that it is the bookkeeping that differs: in the Schwarzschild static
slicing, the curvature sits in (3)Rabcd with p,, = 0, while for Gullstrand-Painlevé slicing,
(3) Rupeq = 0, and the same tidal information sits in p,; 7 0. The 4D curvature is unchanged.
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This illustrates that gravity is not a fundamental force but is better interpreted as the
geodesic deviation relative to two observers. Apparent forces such as Coriolis or centrifu-
gal effects reflect the kinematics of the chosen coordinates rather than genuine physical
interactions. This indicates that when working with the Hamiltonian, the tidal gravity can
be described by either the configuration space or the momentum space, depending on the
foliation choice. Intermediate slicings, such as those interpolating between Schwarzschild
and Gullstrand-Painlevé coordinates, can be formalized by introducing a one-parameter
family of canonical transformations, continuously mixing configuration and momentum
representation of the same curvature content.

Thus, an ICRF distinguishes gauges by the same invariant tidal eigen-structures as for
characterization. An effect disappearing when working with a proper ICRF does not alter
the Weyl eigenvalues or the null principal direction—it is due to the gauge. For example, in
the Schwarzschild solution, the coordinate chart singularity is at the event horizon (r = 2M),
and the horizon remains regular for Gullstrand-Painlevé coordinates. The effect remaining
under all smooth coordinate transformations represents an intrinsic tidal or geometric field
and not a coordinate artifact. Observer-dependent effects must be treated separately (and
carefully). Analogously, for the rotating Kerr geometr, the Boyer-Lindquist and Kerr-Schild
slicings differ only in how the curvature is partitioned between the intrinsic and extrinsic
embedding. The Guass-Codazzi identity ensures that this redistribution leaves the Weyl
tensor invariant, so the parity-odd invariants (W? and W*) take identical values in both
slicings, similar to W? = W* = 0 for the Schwarzschild and Gullstrand-Painlevé choices.

The ICRF identifies a preferred geometrical basis from the curvature invariance, be it
Petrov classification or the eigenframe of the Weyl tensor. The use of an ICRF provides an
operational means of implementing diffeomorphism invariance, allowing one to distinguish
genuine curvature from inertial artifacts, though it does not single out a unique physical
frame. In this sense, the ICRF is analogous to other invariant constructions, e.g., Segre or
Petrov canonical frames, or frames defined by curvature killing vectors, which provide
distinct but equally valid realizations of diffeomorphism-invariant reference structures.

4. Intrinsic Coordinate Reference Frame

Since the Weyl scalars presented here are solved in terms of the canonical phase-space
variables, we may choose four independent phase-space scalar functions to describe an
ICREF. These scalar functions may be chosen as our imposed gauge conditions so that we
may choose an intrinsic time parameter (or evolutionary parameter) that depends on the
phase-space variables [10,17]. For the generic asymmetric case of an ICRF, we assume the
scalars are independent, so we may follow the procedure given in [13].

We assume a local metric (¢#”(x)) of a given gauge orbit is given in terms of a set
of coordinates (x*), and we introduce another local metric of the same gauge orbit, with
" (x") defined by x'*. We also assume our metrics are related by an active diffeomorphism
generated by the infinitesimal vector field (¢/9,,), written as

g (x") = g (x) + £ena, (81 (%)), (115)

where £y, represents the Lie derivative with respect to the €/, vector. Using the indepen-
dence of our Weyl scalars allows us to define four scalar functions (A(x), corresponding

det(aAI(x)> £ 0. (116)

oxH

to g'*(x")) to imply

Relation (115) states A’ (x) = A’(x'), indicating that the scalar functions dictate a metric-
dependent change of coordinates. We adopt these four scalar functions to describe an ICRF:
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xl.= Al (117)

which is often referred to as “intrinsic coordinates”. This ICRF is dependent on the back-
ground fields of the intrinsic geometry, and a set of satellites measuring these scalars could
be used to describe the local four-geometry analogous to that of a Global Positioning System
(GPS), as proposed by Rovelli [41].

We show also that if we describe this ICRF as four space-time “coordinates” (x*),
by invoking the gauge conditions, i.e.,

= XF[gqp, p™), (118)

we can allow for characterization of distinct solutions to Einstein’s field equations (EFEs).
With the gauge condition (118), any phase-space solution for EFEs, along with the complete
generator (5) will allow for transformation of the given solution back into the form of (118).

This implies that the use of (118) would lead to a complete and non-redundant set
of observables that relate the generators and the infinitesimal canonical transformations
and identify equivalence classes of solutions of EFEs [25,29]. A change in any of the
initial coordinates (gauge constraints) would result in a change in the gauge orbit and,
consequently, the physical state [13,15,19,25,29]. Transforming to this ICRF will yield
identical metric functions [13]. Using a fixed ICRF we result in physically distinct solutions
with a change in the independent phase-space variables for a given initial intrinsic time.
In other words, each distinct solution represents a full equivalence class under general
(non-phase-space-dependent) coordinate transformations.

5. Conclusions

In this paper, we present the novel phase-space solution of the set of Weyl scalars
in tensorial form, two of which were derived by Bergmann and Komar in 1960 [16]. Al-
though the nature of a full diffeomorphism covariance was not fully understood at the
time, Bergmann and Komar undertook a Hamilton—Jacobi approach to GR and ultimately
showed how classical solutions of the Hamilton—Jacobi equations could be interpreted
as identifying the reduced phase space that results from the quotienting of the full 4D
diffeomorphism group. In [10], Komar suggested introducing an ICRF through use of the
Weyl scalars, so it is odd that neither Bergmann or Komar ever employed the Weyl scalars
when working closely with their Hamilton-Jacobi analysis [16].

The implications of these Weyl scalars cannot be emphasized enough, since the im-
plementation of such a dynamical coordinate system can be used to solve for local observ-
ables [11]. Another route is to use the ICRF in a perturbational approach to an isotropic and
homogeneous toy model of the universe, e.g., the Friedmann-Lemaitre-Robertson-Walker
metric, to (weakly) approximate a set of Dirac observables [28]. It is also of great interest to
compare the Weyl scalars to those of the SPCIs, such as the Cartan—Karlhede or Carminati-
McLenaghan invariants, which have been invaluable for characterizing space times such as
through Petrov classification [14,35,42]. For algebraically special Petrov type N/III space
times, it is presently more effective to examine the curvature structure through the Ricci
and Weyl spinors. A fully tensorial ICRF formulation remains possible by employing
higher-order derivatives of the tensorial Weyl scalars, analogous to the Cartan—-Karlhede
classification. However, the detailed identification of algebraic syzygies among these tenso-
rial scalars is technically demanding and is deferred to future work. These Weyl scalars (or
an ICRF) may also aid in the development of recent extended quantum theories [9,43-49],
especially those that stress the non-triviality of quantum reference frames [9].
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The non-physicality of the Weyl scalars is far from aesthetically pleasing but is
expected to be invaluable for works related to numerical relativity. It is of interest to
compute the Weyl scalars for known solutions of EFEs such as the Schwarzschild, Kerr,
Reissner-Nordstrom, and Kerr—-Newman metrics to investigate the background fields for
an ICRF in ‘geometrodynamics’. It is also of interest for the applications of warp drive and
binary merger simulations. We plan to investigate the spinorial construction of the Weyl
scalars to be compared to traditional coordinate invariants in a follow-up paper and how
to distinguish individual internal parameters such as an evolutionary parameter that may
be interpreted as “time”.
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Appendix A. Generating Terms

Here, we give an example as to how the product of (41') is found, then list the other
products for (43). Starting from (23), we substitute (12) so that

GBC = (e — n7nP) (% — n’n%) — (% — n’nf)(e?” — n"n?),
and expanding yields
GBC = 1% — %017 — 1107 — 7Tl + P 1% + e ndnf + nnfn’n — n’nfnn’.
Similarly,
GDA — phgVb _ gvaohf _ otV _ oVBptin® 4 oVl 4 ofPpnVn® + nn®n'nP — n’n*ntnP.

The product of the two lines above is

GBC GDA :ewpe&re;mevﬁ _ e'ypeéaevuceyﬁ _ E(Spe'wewxevﬁ + eépe'yaewxeyﬁ
— el gV nP — 1P eVB iyl ™ 4 1PVt P - TP 07 eMP gV
+ PVl gV P 4 P Byt — PV i P — 0P YT el Py
— el P10 — ol eVPelT TP 4 el VPP Y T 4 el VP17l
+ Vel nT 4 Vel elT TP — Vel Y T — V¥ elP e 10 P
+ et 100 nV nP + PPl nT ntn® — 1P ndnTntnP — PPl nn n®
+ %7y PV nP + e27eVPn TPt n® — 27V n T nPntnP — 27t nfn¥n®
— Py 1V nP — PP nTntn® + e n Y n"ntnP + 2P e P n"n' n®

— et 10 nPunf — 7Pl nPutn® 4 &7 e " nd nPutnP + &1 Pl nfutn®.
This becomes unwieldy, so we decompose it into the following form:

)
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where we write
(65ecP4) o= 66 +0 (n*nf),
(GBCGDA) (1)5 GBCGDA _ (GBCGDA) o +0 (nan[in'yné)’

(GBCGDA) — GBCGDA _ (GBCGDA)(O) _ (GBCGDA>

() )’

until no more terms remain. We use the symmetry, i.e.,
eyaevﬁ — 761/“8#}9, (AZ)
to combine like terms, e.g.,

(GBCGDA) 0 = M0l VP _ 1P 0TV P _ (0Pl VP i p0P YT oV oIt

becomes
(GBEGPA) = dereienterh,
(0)

This follows for the other values, i.e.,
(GBC GDA) _ 467‘)6506”“61/5,
(0)
(GBCGDA) @ = — 16" e VP,
(GBCGDA) = 16" e n’n"n'nP,

)

G(Bg = 20707,

(1) — 2% nlnY,
<GBCGD€G}'A — 2307900 pliK VA fTU 0B
(GBC GP¢ G]:‘A) — _ 04 e'ypeéaeyxev)\e'mnwnﬂ + Ze’ypeéaeyxeraewﬁnvn/\>l
(GB’C GP¢ G]:A) — D5pVP K T WP 1 6T v A + 26e'ypeéaewcerzxnvn/\nwnﬁ
(GBC G'Dc‘:) — 22,100 ik VA
(GBC GPe ) — 2t (ew et nVn 4 7P e’“‘e‘”\n‘srz”) ,
(GBCGDE) — D510 TV A

We recombine our higher order terms so that
GBCGPA = 470657 e eV — 1607°e%7 el 1V nP 4+ 1667 eF*n’ nn"nP, (A3)
GBC = 2e7P6%7 — 227 10n°, (A4)
GBC GD€ G]-'.A — 237000 oK VA ,TU (W o4 (e'ype&rewcew\ T B + 2P 00 ohK pTo W 1V )

(A5)
+2567peyxeraewﬁn§nanvn/\ + 2667peéaelmemnvn/\nwnﬂ/

GBCGPE = 2210 el pvA _ 04 (ewe&"e}”‘nvrz)‘ +e e”"e'”‘n%") — 256" e o7 nVn, (A6)
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Notes

We believe this is most likely caused by Bergmann’s work being deeply rooted in the passive diffeomorphism view.
Traditionally, we refer to scalar coordinate invariants simply as “invariants” (SPIs) [14]. We adopt the “C” to distinguish
coordinate and gauge invariants.

Bergmann gave this name in honor of Dirac. It describes an object whose transformation under a diffeomorphism does not
depend on the time derivative of the diffeomorphism [29].

4 Bergmann originally wrote the scalars as “A!”.

5 Note that the Greek indices in Equation (56) are dependent only on the first index and last index.

6 We raise so that the leading term matches with w, := CapeaC?, fCef ab for the Carminati-McLenaghan invariants [14].

7 We distinguish a,b, ¢ := a’, V', ¢’ to ensure proper ordering of the contracted indices.
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